+ 
* 


4 
£ 


7 





> 
> 
4 + 


Pe 


— he 
+ 


t 


DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF CALCUTTA 
35, Ballygunge Circular Road, Kolkata - 700 019, India 


I 
3 
+ 
a 
- 
a, 
È 





JOURNAL OF PURE MATHEMATICS 
~ UNIVERSITY OF CALCUTTA 


BOARD OF EDITORS EDITORIAL COLLABORATORS 
L. Carlitz (U.S.A.) B. Barua 
W.N. Everitt (U.K.) B.C. Chakraborty 
L. Debnath (U.S.A.) M.R. Adhikari 
T.K. Mukherjee D.K. Bhattacharya 
S. Ganguly en M.K. Chakraborty 
M.K. Sen y \ VA D.K. Ganguly 
T T.K. Dutta 
ees J. Sett 
A.K. Das 
S. Jana 
D. Mandal 


S.K. Acharyya (Managing Editor) 
M. Majumdar (Managing Editor) 
A. Adhikari (Managing Editor) 


Chief Managing Editors 
M.N. Mukherjee 
U.C. De 


The JouRNAL OF PURE MATHEMATICS publishes original research work and/or 
expository articles of high quality in any branch of Pure Mathematics. Papers (2 
copies) for publication/Books for review/Journal in exchange should be sent to: 


The Chief Managing Editor 

Journal,of Pure’ Mathematics 

Department of Pure Mathematics 

University of Calcutta 

35, Ballygunge Circular Road 

Kolkata 700 019, India 

e-mail : mukherjeemn@yahoo.co.in 
/ 


av Bebo) ee Br nly blow 


ISSN 2277-355X 





JOURNAL 
OF 


PURE MATHEMATICS 


Volume 31, 2014 





DEPARTMENT OF PURE MATHEMATICS 
UNIVERSITY OF CALCUTTA 
35, Ballygunge Circular Road 
Kolkata - 700 019 
India 


Jour. Pure Math., Vol. 31, 2014, pp. 1-12 


THE ASYMPTOTICALLY REGULARITY OF MAPS 
AND SEQUENCES IN PARTIAL CONE METRIC 
SPACES WITH APPLICATION 


JEROLINA FERNANDEZ!, KALPANA SAXENAZ, NEERAJ MALVIYA? 


ABSTRACT : In present paper, we define asymptotically regular sequences and maps in partial cone 
metric space and prove some fixed point theorems for such maps. Our results extend the results of [9] 
in partial cone metric space. 
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1. INTRODUCTION 


In 1980, Rzepecki [15] introduced a generalized metric by replacing the set of real numbers 


with a Banach space E in the metric function where P is a normal cone in E with partial order <. 


Lin [8] considered the notion of cone metric spaces by replacing real numbers with a 
cone P in the metric function in which it is called a K-metric. Without mentioning the papers 
of Lin and Rzepecki, in 2007, Huang and Zhang [5] announced the notion of cone metric spaces 
(CMS) by replacing real numbers with an ordering Banach space. The authors obtained some 
fixed point theorems for mappings satisfying different contractive conditions. Afterwards several 


fixed and common fixed point results on cone metric spaces were introduced in (see [1], [2], 


[12], [13], [16], [19]). 


Recently, in 2013, based on the definition of cone metric spaces and partial metric spaces, 
Sonmez [17] defined a partial cone metric space. The author developed some fixed point 
theorems in this generalized setting. Very recently, without using the normality of the cone, 
Malhotra et al. [10] and Jiang and Li [7] extended the results of [17, 18] to 8-complete partial 


cone metric spaces. 
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In the present paper, we define asymptotically regular maps and sequences and present 


some fixed point results for these maps in partial cone metric space. 


2. PRELIMINARIES 


First, we invite some standard notations and definitions in cone metric spaces and partial cone 


metric spaces. 
A cone P is a subset of a real Banach space Z such that 
(i) P is closed, nonempty and P # {0}; 
(ii) if a, b are nonnegative real numbers and x, y e P then ax + by e P; 
(iii) P ^ (P) = {0}. 


Given a cone P c E, we define a partial ordering < with respect to P by x < y if and 
only if y — x e P. We shall write x < y to indicate that x Ss y but x # y, while x « y will 
stand for y — x e int P, int P denotes the interior of P. 


The cone P is called normal if there is a number & > 0 such that for all x, ye E, 
0 <x <y implies |x|| < Ally|l. 


The least positive number & satisfying above is called the normal constant of P. 


The cone P is called regular if every increasing sequence which is bounded from above 
is convergent. That is, if {x,} is sequence such that x; S x%,S..S x, S$... S y for some 
y € E, then there is x e E such that || x, — x|| > O(n > =). Equivalently, the cone P is 
regular if and only if every decreasing sequence which is bounded from below is convergent. 


It is well known that a regular cone 1s a normal cone. 

Definition 2.1. [5] Let X be a nonempty set. Suppose the mapping d: X x X — P satisfies 
(d1) 0 < d(x, y) for all x, y € X and d(x. y) = 0 if and only if x = y; 
(d2) d(x, y) = diy, x) for all x, ye X 
(d3) d(x, y) < d(x, z) + dz, y) for all x, y z e xX. 


Then d is called a cone metric on X, and (X, d) is called a cone metric space. 
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Definition 2.2[17] A partial cone metric on a nonempty set X is a function p : X x X + 
P such that for all x, y ze X,: 


(pl) x =y & pk, x) = pæ, y) = pO, y), 

(p2) 0 < p(x, x) < pl y), 

(3) pœ, y) = pO, x), 

(p4) p(x, y) < p(x, z) + plz, y) - plz, 2). 

A partial cone metric space is a pair (X, p) such that X is a nonempty set and p is a 


partial cone metric on X. It is clear that, if p(x, y) = 0, then from (pl) and (p2)x = y. But 
if x = y, p(x, y) may not be 0. 


A cone metric space is a partial cone metric space. But there are partial cone metric 
spaces which are not cone metric spaces. The following an example illustrate a partial cone 


metric space but not a cone metric space. 


Example 2.3. [17] Let E = R, P= {(x, ye E:x, y20},X = Rt andp:X x X>P is 
defined by 


p(x, y) = (max {x, y}, a max{x, y}) 


where a > 0 is a constant. Then (X, p) is a partial cone metric space which is not a 


cone metric space. 
Theorem 2.4.[17] Any partial cone metric space (X, p) is a topological space. 


Theorem 2.5.[17] Let (X, p) be a partial cone metric space and P be a normal cone with normal 
constant K, then (X, p) is 7. 


Definition 2.6.[17] Let (X, p) be a partial cone metric space. Let {x,} be a sequence in X 
and x € X. If for every c e intP, there is N such that for all n > N, p(x,, x) « c + p(, x), 
then {x,} is said to be convergent and {x,} converges to x, and x is the limit of {x,}. We 


denote this by lim x, =x or, x, > x ans n — ©, 
no 


Theorem 2.7.[17] Let (X, p) be a partial cone metric space, P be a normal cone with 
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normal constant K. Let {x,} be a sequence in X. Then {x} converges to x if and only if 


P(X,» X) > pl, x) as n > ©, 


Sonmez [17] also noted that if (X, p) is a partial cone metric space. P be a normal cone 


with normal constant K and 

D(x,» X) > p, x) (n > œ), then p(x, x,) > p(x, x) as R >. 
Lemma 2.8.[17] Let {x,} be a sequence in partial cone metric space (Æ, p). If a point x is 
the limit of {x,} and p(y y) = pO. x) then y is the limit point of {x,-. 


Definition 2.9, [17] Let (X, p) be a partial cone metric space. {x,} be a sequence in X. {x,} 
is Cauchy sequence if there is a e P such that for every £ > 0 there is N such that for all 


n,m>wN 


| Pp» Xm) all < e. 


Definition 2.10.[17] A partial cone metric space (X, p) is said to be complete if every Cauchy 
sequence in (X, p) is convergent in (X, p). 


Theorem 2.11.[17] Let (X, p) be a partial cone metric space. If {x,} is a Cauchy sequence 
in (X, p), then it ts a Cauchy sequence in the cone metric space (X, d). 


Proposition 2.12[3] : Let P be a cone in a real Banach space E. If a e P and a < ka, for 


some k € [0, 1) then a = 0. 


Definition 2.13[9]: Let (X, p) and (X, p^ be a partial cone metric space. Then a function 
f: X> X' is said to be continuous at a point x e X if and only if it is sequentially continuous 


at x, that is whenever {x,} is convergent to x we have {/x,} is convergent to fx). 


Lemma 2.14[9] : Let (X, p) be a partial cone metric space, P be a normai cone with normal 
constant K. Let {x,} and {y,} be two sequences in X and suppose that x, > x, y, > y as 


n —> co, Then p(x,, Yp > pw y) as n > =. 


Proposition 2.15[6] : Let (X, d) be a cone metric space and P be a cone in a real Banach 


space E. If u < vy yv «w then u «w. 
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3. ASYMPTOTICALLY REGULAR SEQUENCES AND MAPS 
Here we will define asymptotically regular sequences and maps in partial cone metric spaces. 
Definition 3.1: Let (X, p) be a partial cone metric space. A sequence {x,} in X is said to 
be asymptotically T-regular if ns Ix,) = 0 or nr PR Xn) = 0. 
Example 3.2. Let E = R*, P= {(x, y)e E:xy20},X =R and p : X x X > P is defined by 
p(x, y) = [max{x, y}, a max{x, y}] vu ye X 
where @ 2 0 is a constant. Then (X, p) is a partial cone metric space. Now let T be a self 


map of X such that 7x = > and choose a sequence {x,}, x, # 0 for any positive integer n, 


which converges to zero. We deduce that 


lim p(x, Txa) = lim (max {x,,, Tx}, a max {x,, Tx,}) 
no no 


li 


lim (max fx, a, & max ns =) 
n>% 


= lim (x,, ax,) 
N 


(0, 0) 
= 0. 


fi 


Hence {x,} is an asymptotically T-regular sequence in (X, p). 

Definition 3.3: Let (X, p) be a partial cone metric space. A mapping T of X into itself is said 
aih txin vie lim plTx, T's) _ lim p(T ly, Tx 

to be asymptotically regular at a point x in X if lim p( 0 or lim p( 

= 0 where 7"x denotes the n” iterate of T at x. 


Example 3.4, Let (X, p) is a partial cone metric space which is defined in example 3.2 and 
let T be a self map of X such that Tx = + where x e X. Then, we have 


lim (max{7"x, re, a max} Tx, ts) 


N>X 


lim p(T"x, Pe) = 
n—-»00 
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— lim | maxs—, —>— $, a maxi, — 
N-->0 an zarl Hi qntl 


| 
3 





li 
i= 
ae 
S f= 

o, 
SI» 
tt 


Hence T is an asymptotically regular map at all points of X. 


4. MAIN RESULTS 


As an application of asymptotically regular maps and sequences, we present some fixed point 
theorems in the partial cone metric spaces. 


Theorem 4.1. Let (X, p} be a complete partial cone metric space ant T be a self mapping 
of X satisfying the inequality. 


p(Tx, Ty) < a,p(x, Tx) + apy. Ty) + ayp(x, Ty) + ap, Tx) + appx, y) (4.1.1) 
for all x, y e X where a, a, a, a4, a, 2 0 and (a, + a, + as) < 1 ...(4.1.2) 
If there exists and asymptotically 7-regular sequence in X, then T has a unique fixed point. 
Proof : Let {x,} be an asymptotically T-regular sequence in X. Then 
PX» X) Sp. Tx,) + p(Tx,, Xm) — p(Tx,, Tx,) 
S p(x, Tx,) + p(x,» Tx,) ~ P(TX,» Tx,) 
S p(x, Tx,) + p(x,» Tx,,) + PTX w Tr) — PT, m) — PTR, Tx,,) 
S p(x,, Tx,,) + PX» Tx,,) + On TX,) 
S p(x,, Tx,) + PO Tem) © HP Tim) + ara Tx,) + PO Rn) 


+ agp(x,, Tx,,) + AsP(X,» X) 
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S p(x,» TR) + P(X,» TX) + 2 Py» Tr) + PO Tr) + a3[P(X,,,. X,,) + Pr,» TX,) 
— Pp XM + APC En) + PTE Km) = PCE ge Lyd) + Aspyr xy) 

< Dix, IK) + Pig TX) PR T,,) + HP Tx,,) + a APE p Xn) + P(X,» Tr) 
+ a,[p(x,, x) + PTX» Xd] + apP(X» X,) 

= (1 + a, + a,)p(x,, Tx,) + (1 + a, + aP Txa) + (a, + ay + As)AX,» Xin) 
[by ps] 


=> [l — (a, + a, + as)\o(x,, Xm) S (l + ay + ay)p(x,, Tx,) + (1 + a, + apa.» Tx,,) 


+a + (I+a + 
= n as) p(x, Tx,) + rer a4) Dix.» 7X) 


Since {x,} is an asymptotically 7-regular sequence and m > n. Therefore p(x,, Tx,) > 0 and 


So, p(x,, Xm) S 


p(x,,, Tx,,) > 0 when n > œ 
This implies that p(x,, x,) > 0 as n, m —> œ . Hence {x,} is a Cauchy sequence. By 


completeness of X, there is x e X such that x, — x as n — œ, Therefore 


lim p(x,, x) = p(x, x) = lim pen Xn) = 0. (4.1.3) 


no 

Existence of Fixed Point: 

Consider, p(Tx, x) < p(Tx, Tx,) + p(Tx,, x) - p(Tx,, Tx,) 
S p(Tx, Tx,) + p(Tx,, x) 


S a, p(x, Tx) + a,p(x, Tx,) + azp(x, Tx,) + app Tx) + asp(x, x,) + plx x) 


IA 


a p(x, Tx) + apl, Tx) + alp, x) + p(x, Tx,) - po, xy] 
a,lp(x,, x) + pæ, Tx) - ple, x)] + apx, x,) + [p(Tx, x,) 
PX» X) — PX» X) 
a,p(x, Tx) + aypl%,, Tx) + alp, x,) + PO,» Tx] + al, x) 
+ p(x, Tx)] + asp(x, x,) + [p(Tx, x,) + pty 2] 


(a, + a,)p(Tx, x) + (1 + a, + a,)p(Tx,, x) + (1 + a3 + ay t+ apC, x,) 


+ 


+ 


IA 


il 
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(1+ a, +43) (I+a3 +44 + a5) 
So, p(Tx, x) < 1- (ay + ag) Pe x) + Ira) PR x,) 


Since {x,} is an asymptotically T-regular sequence and {x,} is a Cauchy sequence in X. 
Therefore x, — x implies that p(x,, Tx,) > 0 and p(x, x,) > 0 as n —> œ by (4.1.3). So 
lex, x)|| = 0. 


> 1x = x. 
Uniqueness : Let z be another fixed point of 7. 


Then p(x, z) 


p(Tx, Tz) 


a,p(x, Tx) + a,p(z, Tz) + a,p(x, Tz) + a,p(z, Tx) + ap% z) 


lA 


= a p(x, x) + ayp(z, z) + aspx, z) + ayplz, x) + a,p(x, z) 
So, p(x, z) S (a, + a, + ag)p(x, z) 
= p(x, z) = 0 [by Prop. 2.12 and © + a, +t as) < 1] 
=> x =2Z 
This completes the proof of the theorem 4.1. 


Theorem 4.2. Let (X, p) be a complete partial cone metric space and 7 a self mapping of 
X, satisfying the inequality (4.1.1) for all x, y € X and aj, a, a3, a, a, 2 0 and 


max {(a, + a4), (a; + ag + a5)} < 1 
If 7 is asymptotically regular at some fixed point x of X, then there exists a unique fixed point of T. 


Proof : Let T be an asymptotically reguar at x, e X. Consider the sequence {7”x,)} then for 


all m, n 2 | 
p(T”x,, Tx) < ap x: Tx) + a,p(T™'xp, Tx) + apr x, TX») 


ap ce Ty aap Pe) 
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sap x, io tap ta Ti) ap r 7%) 

+ pT”, Txo) — p(T”x, T™Xq)] + aip T" ee Txo) + p(T"Xp, Txo) 
- P(T"Xy, Txo) + a,[p{(T""'x,, Tko) + P(T! Xo T”x,) — p(T"x, Txo) 
< a p(T™! xo, Tx) + a,p(T™'xp, Txo) + a,[p(T"'x,, T”x,) + p(T”x,, 7’xo)] 
+ alp Txo Tix) + oT Txo] + asp" x5, Tex) + on h) 

+ pP(T"X9, Txo) — P(T”xy, TX) — PT’, Txo) 

< aol x6 1x9) + apd xp TX) + a,[p(T™ "xp, 1x9) + p(T”x,, T’xo)] 

7 a,[p(T*'x,, Txo) + P(TXp, PX + aip Txo Txo) + p(T™'x,, Txo) 

N + p{T”x, TX) 
= (a, + a, + a.)p(T™ |x, 1X9) + (a, + ay + asp T ky Txo) 

+ (a, + ag + a)p(T”x, Txo) 


(ay +43 +45) (az +44 +as) 


So, p(T"xy, Txo) S lel (Tg, T™X,) + Lai j P(T Xo Txo) 


dz +ta4+as5 d3 +a4 tas 


Since T is an asymptotically regular at x», therefore p(7”"'x,, T"x,) > 0 and p(T™'!xp, Txo) 
>0asmn œ. 
This implies that p(7”x,, 7”x,) > 0 as n m > œ. Hence {T"x,} is a Cauchy sequence in 


X. By completeness of X, there is x e X such that 7"x, > x as n — œ. Therefore 


lim p(T”xo, x) = p(x, x) = duu p(T"xo, T"xo) = 0. 


n> 
Therefore, {7”x,} is a Cauchy sequence in X which is complete space. So, {Tx} > x € xX. 
Now, we claim that x is a fixed point to T. For this we have, 


p(Tx, x) < p(Tx Tx) + p(T’xy x) — p(T"X, TX) 


IA 


a,p(x, Tx) + aptT"Ix., Tx 9) + aplx, Tx) + a,p(T"'x,, Tx) 


+ asp(x, T™!x5) + p(T"x9, x) 
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< apx, Tx) + ayp(T*!x9, Txo) + ape Txo) + alp xo Txo) + p(T’xy Tx) 

— KT'x, Tx] + adp, Txo) + px, Txo) — Px Txo] + p(T"%p, x) 

< a p(x, Tx) + ap{T"'x,, Txo) + ap, Txo) + ag[p(T* xq, Txo) + p(T"xp, Tx) 

+ asp, 7x9) + DIR, T’x,)] + P(T’xy x) 

p(Tx, x) S$ (a, + a,)p(% Tx) [asn — œ] [Since {7*'x)} is a subsequence of {7"xp}] 

= p(Tx, x) = 9 [by Prop 2.12 and as a, + a, < I] 
> Tx =x 


The uniqueness of the fixed point x follows as in theorem 4.1 using (a, + a, + as) < 1. This 


completes the proof of the theorem 4.2. 
The following example demonstrates theorem 4.2. 


Example 4.3 : Let (X, p) is a partial cone metric space which is defined in example 3.2 and 
let T be a self map of X such that Tx = > where x e X. Clearly T is an asymptotically regular 
map at all points of X. If we take a, = a, =a,=a,=0 and a; = >. Then the contractive 
condition (4.1.1) holds trivially good and 0 is the unique fixed point of the map T. 


Conclusion : The asymptotically regularity of the mapping T satisfies the Hardy Rogers 
contraction condition. It is actually a consequence of $a; < 1. Thus the theorem 4.1 and the 
theorem 4.2 extend results due to Hardy Rogers [4] in partial cone metric spaces. It is also worth 


mentioning that our condition on controls constants says that Da; may exceed 1. 


Acknowledgement : The first author is thankful to Prof. Geeta Modi [Govt. Motilal Vigyan 
Mahavidhyalaya, Bhopal, M.P., India] for constant encouragement and valuable comments. 
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SOME CURVATURE PROPERTIES OF LP-SASAKIAN 
MANIFOLDS 


J.P. SINGH, ARCHANA SINGH AND R AJESH K UMAR 


ABSTRACT : The object of the present paper is to study some curvature conditions in LP-Sasakian 
manifolds. 


Key words and Phrases : LP-Sasakian manifolds, M-projective curvature tensor, Pseudo projective 
curvature tensor, Conformal curvature tensor, Quasi conformal curvature tensor. 


Mathematics Subject Classifications (2010). 53C15, 53C25 


1. INTRODUCTION 


The notion of Lorentzian Para-Sasakian manifolds was introduced by K. Matsumoto [1] in 
1989. Then Mihai and Rosca [2] introduced the same notion independently and obtained several 
results on this manifold. LP-Sasakian manifolds have also been studied by Matsumoto and 
Mihai [3], Mihai et al. [9], Venkatesha and Bagewadi [4], and many others. 


On the other hand, Pokhariyal and Mishra [5] have introduced new curvature tensor called 
a M-projective curvature tensor in a Riemannian manifold and studied its properties. Further, 
Pokhariyal [6] has studied some properties of this curvature tensor in a Sasakian manifold. 
Chaubey and Ojha [7], Singh et al. [11] and may others geometers have studied this curvature 


tensor. 


In the present paper we study some curvature conditions on LP-Sasakian manifolds. The 
paper is organized as follows : Section 2 consists the basic definitions of Einstein and n-Einstein 
manifold. Section 3 is about the study of M-projective curvature tensor in LP-Sasakian manifolds. 
Section 4 is devoted to the study of an LP-Sasakian manifold satisfying P(&, X): W* =0 and W* 
(E, X): P = 0. Section 5 deals with properties of conformal curvature tensor satisfying C 


(E, X) © W* = 0 and W*(&, X)- C = 0. Finally, we consider LP- Sasakian maniolds satisfying 
C (E, X: W* = 0. 
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2. PRELIMINARIES 


An n-dimensional differentiable manifold Mf is called a Lorentzian Para-Sasakian (briefly LP- 
Sasakian) manifolds ([1], [2]) if it admits a (1, 1) tensor field 6, a contravariant vector field 


E, a covariant vector field n and the Lorentzian metric g, which satisfy 


ox = X + NE, (2.1) 

nS) = ~, (2.2) 

g(x, OY) = X, Y) + nxn), (2.3) 
gX, §) = n(X), (2.4) 

(VY = (X NE + NX + MAME, (2.5) 
VE = Ox, (2.6) 


for any vector fields X and Y, where V denotes the operator of covariant differentiation with 
respect to the Lorentzian metric g. It can be easily seen that in an ZP-Sasakian manifold, the 


following relations hold : 
WE) = 0 n@X) = 0, rank) = (n — 1) (2.7) 
If we put 
P(X, Y) = g(x, P), (2.8) 


for any vectort fields X and Y, then the tensor field ®(X, Y) is symmetric (0, 2) tensor field 
[1]. Also, since the 1 - form 7 is closed in an LP - Sasakian manifold, we have ([1], [10]) 


(ViNXY) = 0%, Y), (X, §) = 0, (2.9) 
for any vector fields X and Y. 


Let M” be an n-dimensional LP-Sasakian manifold with structure (6, &, n, g) then we 
have ([3], [10]) 


ERX NZ, E) = IRE, YZ) = gE UN) - EL u, (2.10) 
RG, DY = RK, SY = gX, NE - nOA, (2.11) 


SOME CURVATURE PROPERTIES OF LP-SASAKIAN MANIFOLDS 15 


R(X YE = Y - nF, (2.12) 
SX, 5) = (n - In), (2.13) 
SEX OY) = NX, Y) + (a - IMAMO), (2.14) | 


for any vector fields X, ¥ Z, where R is the Riemannian curvature tensor. 


An LP-Sasakian manifold M"(n > 2) is said to be Einstein manifold if its Ricci tensor 


S is of the form 
SX, Y) = kA P, (2.15) 
where & is constant. 


An LP-Sasakian manifold M” is said to be an n-Einstein manifold if its Ricci tensor 
S is of the form 


SX, P) = ag(X% N + Pr, (2.16) 


for arbitrary vector fields X and Y, where a and B are smooth functions. 


3. M-PROJECTIVE CURVATURE TENSOR OF LP-SASAKIAN MANIFOLDS 
In 1971, Pokhariyal and Mishra [5] defined a tensor field W* on a Riemannian manifold M” 


as 





1 
WAX, NZ = RX, NZ - Fanaa [SE DX 


~ 5% DY + gell, JOX - eX DON, | 3.1) 
for vector fields X, Y and Z, where S is the Ricci tensor of type (0, 2) and Q is the Ricci 


operator. 


Putting X = & in equation (3.1) and using equatings (2.2), (2.4), (2.11) and (2.13) we get 


WHE, YZ = WY, HZ = Hg, HE - non 


] 
Hn 1) [SH DE - n(Y]. 32) 
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Again, putting Z = & in the equation (3.1) and using equations (2.4), (2.12) and (2.13), we get 


WX, NE = +M - nor 


I 
= 2(n-1) [mX - nx]. 


(3.3) 


Now, taking the inner product of equations (3.1), (3.2) and (3.3) with & and using equations 


(2.2), (2.4) and (2.13), we get 
n(W*(X, NZ) = Zell, ZMA) - gX, ZMH] 


] 
- 2m) BSE DMA -SX Zm, 





(WE, Y)Z) = -nA 2) 
= -7g(K Z) + WGN SE 2) 
and 
nW(X%, N) = 9, 
respectively. 


(3.4) 


(3.5) 


(3.6) 


Theorem 3.1. An LP - Sasakian manifold M" satisfying the condition R(&, X) W* = 0 is an 


Einstein manifold. 
Proof. Let R(E, X): W*(X Z)U = 0. Then we have 
RE, X)W*(Y, ZU - WYRE, DY, ZU 
- WY, R(E, DDU - WAY DARE, XU = 0, 
which on using the equation (2.11), gives 
BX WY DU - n(WHE DU - eK YW, ZU 
- g(X% Z)W*Y, DU - 8A UWE D6 + NM ZU 
. +n Qwy DU + (UWY, 2X. 


GT 


(3.8) 
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Now, taking the inner product of the above equation with — and using equations (2.2), (2.4), 
(2.11), (3.1), 3.4), (3.5) and (3.6), we obtain 


RY, Z, U, X) = eX, Nez U) - XX, Zg, U) 
+ HiX, Zn(Yn(V) - 8X, YMMV) 


l 
+ 2(n-1) [SX Yn(Z)n(V) 





- SX, ZMU). (3.9) 

Taking a frame field and contraction over Z and U, we get 

SX, N = (n - De, Y) 
This shows that M” is an Einstein manifold. 
Theorem 3.2. /f an LP-Sasakian manifold M" satisfies the condition W*(E, X). R = 0, then 

S(QX, Y) = (n ~ 1) aX, Y). 
Proof. Let W*(E, X) R(Y DU = 0. Then, we have 

WE, DROE ZU — ROWAE, XY, Z)U 

~ R(Y, WE, X)Z)U — R(Y, ZW, XU = 0, (3.10) 
which on using the equation (3.2), gives 

8X, RY, Z)U)E — nR, Z)U)X — gX, DRS, ZU 

+ (R(X, DU - EX, RW, E)U + (DRY XU 





- AX, ORY DE + ORY DX - [SX RE, DUE 
- RC, ZUOX — SX NRE, DU + nCROX, ZU 
- SX, DRY, QU + (DRE, OMU - SX, RU, DE 


+ N(U)R(Y, Z)QX] = 0. (3.11) 
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Now, taking the inner product of the above equation with € and using equations (2.2), (2.4), 
(2.11), (2.12) and (2.13), we obtain 


8X, RY ZU) - gX MRE, ZU) + OMR, Z)U) 
- gX, ZUR, §)U) + n(Z)n(R MD) - (X, UMRE, 2) 


l 
n=] 





+ NUMRE ZA) - [RY Z, U, OX) - SX Yyn(RE, DU) 


+ n(Yyn(R(QX, ZJU) — SX, ZMR HU) + n(Zyn(R QXU) 
— S(X, UMRE, D) + (UMRE DON] = 0. (3.12) 
Taking a frame field nad contraction over Z and U, we get 
S(QX, Y) = (n - 1)°g(X, Y). 
This completes the proof. 
Theorem 3.3. If an LP-Sasakian manifold M” satisfies the condition W*(&, X). S = 0, then 
S(OX, Y) = n - EX Y) + 2(n - DSX N. 
Proof. Let W*(E, X)-S(Y Z) = 0. Then, we have 
SW*(E, DEZ) + SY W*E, XZ) = 0, (3.13) 
which on using the equation (3.2), gives 
(n - Die YMZ) + eX, M - SAX An) - SAX YMZ) 
ii goa YM) - S(QX, ZM) = 0. (3.14) 
Now, putting Z = & in the above equation and using equations (2.2), (2.4) and (2.13), we get 


S(QX, Y) =n - PK N + Un- DSX, P). 


This completes the proof. 


4. LP-SASAKIAN MANIFOLDS SATISFYING P(E, X): W* = 0 AND W#(E, X)-P=0 


Projective curvature tensor P of the manifold M” is given by [8] 
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PX, DZ = RX, NZ - HIS, HX - SX, ZU. (4.1) 
Putting X = & in the above equation and the using equations (2.11) and (2.13), we get 


| 
n-i 





POE PZ = PO, 92 = g(¥ Z% - S(Y Z}. (4.2) 
Again, putting Z = € in the equation (4.1) and using the equations (2.12) and (2.13), we get 

P(X, DE = 0. (43) 
Now, taking the inner product of equations (4.1), (4.2) and (4.3) with & we get 


NPY, DZ = gh ZMAX - 8A, ZN 





- HBE Zu) - SX Dn, (4.4) 
NPE, N= - 1PC, 92) =- 8E 2+ Hy, 2, (4.5) 

and 
NPK, DE = 0 (4.6) 


respectively. 
Theorem 4.1. If an LP-Sasakian manifold M” satisfies the condition P(E, X). W* = 0 then 
SOX, N = An - DISK Y) - (n - Neck, VI. 
Proof. Let P(E, X): W*(Y, ZU = 0. Then, we have 
PE, DW, ZU - WPG, OY DU 
- WHY, PE, DDU - WHY, DPE, MU = 0. (4.7) 
which on using the equation (4.2), gives 
aX, WHY, DUŠ - aX WHE, ZU - eX, DWH, EU 
-gX WHY, DE - ISK WHE DUE - SKK NE, DU 
- SX DWHY, EU - SX UWE, Z$] = 0. (4.8) 
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Now, taking the inner product of above equation with & and using equation (2.2), (2.4), (3.1), 
(3.4), (3.5) and (3.6), we obtain 


GoD RY Z U, OX) = RK Z U, X) + Eg Dek U) 


l 
_ g(x, Nez ©] 7 Xn- D [g(Z, U)X(OX, Y) 





- gX U)S(OX, Z)]. (4.9) 
Taking a frame field and contraction over Z and U, we get 
S(QX, P) = An — DSX, P) - @ - Dei n). 
This completes the proof. 


Theorem 4.2. If a LP-Sasakian manifold M" satisfies the condition W*(E, X). P = 0 then 
2 

Proof. Let W*(E, X): P(Y Z)U = 0. Then, we have 

W*(E, DPO, DU - PW*E, ME Z)U 

- PY WG, DDU - PY DW*E, DU = 0. (4.10) 
which on using the equation (3.2), gives 

XX PY DU -nPE DUX - gX DPE, DU +P, DU 

- (X, DPY, DU + OPY XU - X UPE 2E + nPE DX 

- HIS PE DUE - nPE, DUOX - SX, NPE, DU 


+ N(Y)P(QX, DU - SX, DP $)U + WZ)PHY QX)U 
- S(X, U)P(X 25 + n(UPŒ 22X] = 0. (4.11) 


Now, takiing the inner product of above equation with Ẹ and using equations (2.2), (2.4), (4.1), 
(4.4), (4.5) and (4.6), we obtain 
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- RE Z, U, X) + BX Nez U) - BX Dell U) + gX und) 


- (X, YU) - WIR Z U, OX) + 25K MNU) 
- 25(X, ZMW) + SX, DE, U) - SX, Netz, U) 


] 
+ (n— 12 KX ZMOMU) - QX nnd) = 0. (4.12) 





Taking a frame field and contraction over Z and U, we get 


2 u 
sox n=- ea nt sn 


This completes the proof. 


5, LP-SASAKIAN MANIFOLDS SATISFYING C(&, X): W* = 0 AND W*(&, X)-C=0 


Conformal curvature tensor C of the manifold MP” is given by [10] 
l 
CX NZ= RA HZ- Gay Sh DX - SA, Z)¥ 
+ g(h 2)OX - 8X DON] 
i : 
+ Trond) Eh 2X - 8X, ar. (5.1) 
Putting X = € in the above equatin and using the equations (2.11) and (2.13), we get 
l+r—n 
CE, NZ=- CH OZ = mm -3 lsh 25 - na 


-LISE DE - naon. (5.2) 





Again, putting Z = & in the equation (5.1) and using the equations (2.12) and (2.13), we get 


CK YE = mr - nn 


- mex - non. (5.3) 


G- 146123 
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Now, taking the inner product of the equations (5.1) and (5.2) with & we get 


rn 


n(cX, NZ = ist, Zyn(X) - EX, ZM) 


- — ISCH Dn - X, Zul. 





NC, NZ) = - (CU, 92) 
= nel, 2 - nm 


- ESE, 2) - nun). 





(5.4) 


(5.5) 


Theorem 5.1. /f an LP-Sasakian manifold M" satisfies the condition C(&, X). W* = 0 then 


n? -3n+r+2 
S(QX, Y) = ee) Y) + (1 +r- ng, N 


Proof. Let C(E, X)W*(¥ Z)U = 0. Then, we have 
CE, DWE, ZU - WCE YY, DU 
- WHY, CE, NOU - WHY DCE, MU = 0, 
which on using the equation (5.2), gives | 
Gy lek WH DUE - nk DUX 
- gX PWE, DU + NWX, DU - AX DW, EU 
+ (DWE, XU - gX, UWY, DE + YW, DX] 
- 518K WHE DUE - nP, DUOX - SX, HWE, DU 
+ NOPOK, DU - SX ZW, HU + DWE OMU 
- SX UWHY, DE + nUWHY DON = 0. 


(5.6) 


(5.7) 


SOME CURVATURE PROPERTIES OF LP-SASAKIAN MANIFOLDS 23 


Now, taking the inner product of the above equation with € and using the equations (2.2), (2.4), 
(3.1), (3.4), (3.5) and (3.6), we obtain 


l+r- | 
G- Da- JERE Z UN + Zum DK P) - wt, Us, 2) 
+ 518%, NgZ U) -gX Dee U) + gX, DAMM) - gX, NNN) 


l 
Ia 15%, MENU) - SZ IMOM 


safe 


l | 
- Gana) ERO Z U, OX) + za Z USOY, N - glk US(OX, 2} 


+ 


Lis Nez, U) - MX, DRE U) + SX, ZMOMU) - SX, YMMV) 


+ 


l 
2(n 1) SX MENMU) - SOX, ANCMN(Y)} = 0. (5.8) 


Taking a frame field and contraction over Z and U, we get 


Ps 2 
S(QX, Y) = Re Y) + (1 -n + gX Y) 


This completes the proof. 


Theorem 5.2. /f an LP-Sasakian manifold M” satisfies the condition W*(&, X). C = 0, then 


the manifold is an Einstein manifold. | 
Proof. Let W*(E, X): C(X ZU = 0. Then, we have 

WE, NC DU - CWE, MX DU 

— CY W*(&, DZU - CY AWG MU = 0, (5.9) 
which on using the equation (3.2), gives 

XX, CŒ DU) -nC DUX - «X, VCE, DU 

+ H(NCX, ZU - {X DC, HU + CE NU 
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- AX DICH, DE + MUCH DX- HIS, cH DUE 


- NICH Z)U)OX - SX, NCE, ZU + nY)C(QX, ZU 
- SX, DICH HU + NACH QXU - SX VCH D% 
+ n(ÜCH Z)QX] = 0. (5.10) 


Now, taking the inner product of above equation with & and using equations (2.2), (2.4), (5.1), 
(5.4) and (5.5), we obtain 


- Gop REZ U, OX) = - "RUZ UX) + Gy TS, Netz, U) 
- SK DEE U) + (m - Dig, DOOM) - eX MMV) 

+ USK MZM) - SX AMMO} + Gop (OX Zeh, U) 
- S(OX, Yg(Z, U) + SOX, DM) - SOX, YZ] 


- GIDE OK N - MK UK D+ Gry las USA, N 


I+r-n 


-8E OSX, Di + nn -3 Be Dei N - sh DAX, 2) 


I 
+ Gt 8% De V) - SH Nez U). (5.11) 
Taking a frame field and contraction over Z and U, we get 


SX, Y) = 2rg{X, P). 


This completes the proof. 


6. LP-SASAKIAN MANIFOLDS SATISFYING C (E, X): W*=0 


The notion of the quasi-conformal curvature tensor C was introduced by Yano and Sawaki 


[10]. They defined the quasi-conformal curvature tensor by 


SOME CURVATURE PROPERTIES OF LP-SASAKIAN MANIFOLDS 25 


C& PZ = aR(X, NZ + BIS, DX — SX, DY 
+ gh DIOR - aX, Z)QY] 


r{_a 
T n\n-] 


where a and b are constants such that ab + 0. If a = 1 and b = L, then above equation 





JLE 2X - ax ar, (6.1) 


reduces to conformal curvature tensor given by (5.1). Thus the conformal curvature tensor C 


is a particular case of the Quasi-conformal curvature tensor Č . 


Putting X = € in equation (6.1) and using the equations (2.11) and (2.13), we get 








CE Y) = -EM%, 92 = [a+ bfn—1)-2(—2 ) 
[E 25 - nY] + BIS IE - n(Y]. (6.2) 
Again, putting Z = € in the equation (6.1) and using the equations (2.12) and (2.13), we get 
Cox ne = [arb -£(-25 +26) mone - non 


+ db[n(YOxX - nor]. (6.3) 
Now, taking the inner product of equations (6.1), (6.2) and (6.3) with &, we get 


n(C(X% YZ) = [a+ H(n—1)-2(—25 +25) | face Zyn(X) 
- (X, UM] + bIn(OX - nO", (6.4) 
nS DD = -n(cW, 92) 


a+ H(n- n-£(—45 +28)| - g 2 -nE D -nn 


+ b[- SE 2) -nm (6.5) 


and 
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n(C(% YY) = 0 (6.6) 
respectively. 


Theorem 6.1. If an LP-Sasakian manifold M” satisfies the condition C (&, X)W* = 0 then 
sox = [ir-1-4] s(x, ner Annan 


: LE Dard ax N. 


Where A= [a+ bin—1)-2(—45 +28) | 


Proof. Let T(E, X)W*(Y, DU = 0. then, we have 

c(& YW*(Y DU - W*CE, DE ZU 

~ W*Y, CE, DIU - WY ACE, HU = 0, (6.7) 
which on using the equation (6.2), gives l 

Alg(X, W*(Y, DUE - n(W*(Y, DUN - g(X, YW*(E, ZU 

+ (PW*X, ZU - gX, 2WY, SU + (2DW *Œ XU 

~ g(X, UJW*(X DE + (WR ZA] 

+ bISCK, WY DU + nE DUMM) - SX NPE, ZU 

+ N(Y)W*(OX, Z)U - S(X, DW*(X §)U + n(2DW*(Y OMU 

- S(X, U)W*(Y ZŠ + n(UW*(Y, DIOR] = 0. (6.8) 


Now, taking the inner product of above equation with € and using equations (2.2), (2.4), (3.1), 
(3.4), (3.5) and (3.6), we obtain 


AUR, Z UX) - TAN eZ USK N) - gE SK 2) 
- 28(%, UMEM) - SZ, VEX N) - SZ, VAM) - SX Zn) 
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+X, MND} + Eiez VX N - eX Dell, U) 
+ @% DMM) - gX Primo} 


+ DERE Z U, OX) + 3-7 EZ WK OY) - (eK USK OZ) 


+ S(OX, YMM) - SOX, DMM) + F {eZ US, Y) 
- gE, WSK, Z) + SX, ZMCM) - SX, YMM. (6.9) 


Taking a frame field and contraction over Z and U, we get 


sox n= [o-v-4]scx, n- Dr Ancona 


n 


n(n-1N)-r|A4 
er ox N. 
This completes the proof. 
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A NOTE ON IDEALS OF C(X) 
SWAPAN KUMAR GHOSH 


ABSTRACT : For a topological space X, let # be an ideal of closed sub-sets of X and C„(A) be 
the ideal of C(X) of all functions f such that the support of f lies in 2. In this paper, we investigate 
the ideals of C(X) which are of the form C(X) for some ideal P of closed sub-sets of X. We characterize 
P-spaces and almost P-spaces in terms of the ideals of the form C,(X). Examples and counterexamples 
are given. 


Key words : CA), C,{X), P-space, almost P-space, F-space. 
AMS subjclass [2010] Primary : 54C05, Secondary : 54G10, 54G05. 


1. INTRODUCTION 


Throughout, X will stand for a completely regular Hausdorff topological space, C(X) denotes the 
ring of all real-valued continuous functions on X. For an fe C(X), ZN = {x e X: Kx) =0} 
stands for the zero-set of fand cl,(X — Z(f)) stands for the support of f. Let P be a family 
of closed subsets of X satisfying the following two conditions : (4 If 4, B e P then 
AU Be P (ii) If Ace Pand B g A with B closed in X then Be P i.e. P is an ideal of 
closed sets in X. In 2010, we initiated the ring C,(X) for each ideal # of closed subsets of 
X as CX) = {fe CX) : cl {X— Z(f)) € P}, [1]. It is clear that Cz(X) is a z-ideal (possibly 
improper) of C(X), an ideal / of C(X) is called a z-ideal if fe J, Z() = Z(g) and ge C(X) 
imply that g e J. It is also clear that if 2 denotes the family of all compact subsets of X 
then C,(X) coincides with C,(X) where C,(X) = {fe C(X): cl (X— Z(f)) is compact}. Again 
if 2 denotes the family of all closed subsets of X then C,(X) coincides with C(X). 


Lemma 1.1. C,(X) = C(X) if and only if Xe P. 


Proof. In fact, C,(X) = C(X) if and only if C,(X) contains units of C(X) if and only if 
Xe P. 
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Notations 1.2. (1) We denote the set of all ideals of closed sets in X by Q(X) and the family 
of all ideals of C(X) which are of the form Cz(X) for some P e Q(X) by Jogy 


It is clear that Q(X) is closed with respect to arbitrary intersection. 


(2) Suppose that J is an ideal of C(X). Consider the family of all members of Q(X) 
containing {cl (X — Z(f)): fe J}. This family is nonempty since it contains the ideal of all 
closed subsets of X. Since Q(X) is closed with respect to arbitary interesection, there exists 
a smallest member of Q(X) containing {cl {X — Z) : fe 7} which we denote by 2 (J). 


Note 1.3. It is obvious that {cl {X — Z) : fe 2} is closed with respect to finite union. Thus 
if A e PU) then A c cl {X - Z(f)) for some fe I. 


We now prove the following two lemmas. 
Lemma 1.4. Jax) is closed with respect to arbitrary intersection. 


Proof. Let J, < Io Then Jy = {Cz(X) : P e Qy} for some Q} a Q(X). Since Q(X) is 
closed with respect to arbitrary intersection, 2, = Nn{?: P e Qo} e Q(X). Also NJ = 
NCAX) : Pe Oo} = Cm). Since 2, e Q(X), we see that NJ, € I 


Lemma 1.5. Suppose J is an ideal of C(X). Then Con is the smallest member of Jaw) 


containing J. 


Proof. Obviously, J ¢ Con. Let I G Ca¥) where P e Q(X). Then {cl {X — ZN) : 
fe D a P. Also AD) is the smallest member of Q(X) containing {cl (X - ZN): fe Jj. 
Hence ZN) < P and therefore CaO S CX). 


Corollary 1.6. Suppose / is an ideal of C(X). Then J e Im if and only if J = Cy/p(4). 


As usual BX denotes the Stone-Cech compactification of X. The maximal ideals of C(X) 
are given by the family {MF : pe BX} where M = {fe C(): pe cl, ZN}: Also for 
each p € BX, the set OP = {fe C(x): cl, Z(f) is a neighbourhood of p} is an ideal of C(4). 
It is to be noted that MP and OP are z-ideals for all p e BX. If p e X then we write M, 
and O, instead of MP and OP respectively. Thus M, = {fe C(X): p € Z(f} and Op = 
{fe CX): Z(f) is a neighbourhood of p}. We now state the following theorem from Gillman- 
Jerison text, [7.12, [3]]. 
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Theorem 1.7. Let p € BX. Then fe OP if and only if there is a neighbourhood V of p in 
BX such that V ^ X g Z). 


We now prove the following theorem. 
Theorem 1.8. For each p e BX, Œ e Jaw: 


Proof. Let p e BX and OP = J, Consider the ideal Con) and suppose fe Con. Then 
cl{X — ZN) e AD and so cl {X — Z(f)) Ss cl 4{X — Z(g)) for some g e J = OP (Note 1.3). 
Hence int,Z(g) < int„Z(f). Now since g e OP, by Theorem 1.7, we find an open set V in 
BX containing p such that V A X c Z(g). Since V A X is open in X, we have V ^ XG int,Z(g). 
Thus V ^ X G intyZ(f). So by Theorem 1.7, fe OP = I. Hence Con c / and therefore 
I= Coan. Thus Œ = Ie Jogy 

A subset Z of a space X is called a zero-set if Z = Z(f) for some fe C(X). A subset 
A of a space X is called regular closed if 4 = cl,int,A. Let us now prove the following theorems. 


Theorem 1.9. Let A c X be such that c/,4 and clyint,4 are both zero-sets in X. Then the 


following conditions are equivalent. 
(1) Npe AM, = Mp eint, cl, Ap: 


2) N64, E Jaq: 
(3) clyd is regular closed. 


Proof. (1) = (2) Follows from Theorem 1.8 and Lemma 1.4. 


(2) = (3) : Put cl,4 = B and choose two functions / ge C(A) such that Z(/) = B and 
Z(g) = clyintyB. Then int,Z(f) = intyB œ int,2(g). Also int,Z(g) ¢ int,Z(f) since 
Z) < Zf). Therefore int Zf) = intyZ(g) and hence cl {X — ZN) = cl {X — Z(g)). Now 
fe an 4M, since A g Z(f). Also by assumption, pe aM, = C,(X) for some P e Q(X). Thus 
fe CX). So cl (X — Z(f)) e P and hence g € C,(X) since cl (X — Z(g)) = cl {X — ZN). 
Now it is obvious that N «4M, = Opect,AMp. So N,e4M, = Ve pM, Thus g € Nye My 
Consequently, BY Z(g) and therefore B œ clyint,B. Hence B = cl,int,B. Thus B = cl,A is 
regular closed. | 
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G) = (1) : Obviously, N,.4M, = Npemtyelx AQ,. Suppose now that 
fE Npeinty cly AQp- Hence intycl, A € Z(f) and thus clyint,cl, A c Z(f). Since cl,A is regular 
closed, clyA & Z(f). Thus 4 c Z(f) and consequently, fe N,.4M,. Hence n,.,M, = 
Op eint y cly Ap- 


Corollary 1.10. Suppose {p} is a zero-set in a space X, Then M, E Som if and only if p 
is an isolated point of X. 


Proof. We note that c/,{p} = {p}. Also cl,intycl,{p} = {p} or ø according as p is an isolated 
point or not. Thus if {p} is a zero-set then c/,{p} and c/yint,cl,{p} both are zero-sets. Taking 
A = {p}, from Theorem 1.9 we now can say that M, E Im if and only if c/,{p} is regulr 
closed i.e. if and only if cly{p} = clyintycl,{p} i.e. if and only if p is an isolated point 
of X. 


Example 1.11. The Corollary 1.10 becomes false if {p} is not a zero-set in X. Take X = 
[0, œ], where œ, is the first uncountable ordinal. Each fe C(X) is eventually constant on 
a tail [a, @,] for some & < ,, hence {@,} is not a zero-set in X. But “{@,} is a P-point 
of X”, [50.1, [3]] and thus My, = Oo, . Consequently, by Theorem 1.8, Mp € Io although, 
©, is not an isolated point of X. 

Example 1.12. Suppose 4 = (0, 1), B = [0, 1], C = [0, 1] a Q and D = [0, 1] U {2}. Then 
cl, A, cl, B, cl, are regular closed but c/, D is not. So from Theorem 1.9 it follows that gee 4M, 
oe pM, ae Mp E Jam) but ne pM, € Jory Again if p € R then M, € Jom) a8 follows 
from Theorem 1.10. 


2. P-SPACE, ALMOST P-SPACE, F-SPACE 


A space X is called a P-space if M, = O, for each p e X. Equivalently, X is a P-space if 
every zero-set in X is open. In 2010, we characterized P-spaces in the following theorem, 
[Theorem 5.4, [1]]. 


Theorem 2.1. A space X is a P-space if and only if every ideal of C(X) is of the form C,(X) 
for some suitable family 2 of subsets of X with 2 e Q(X). 
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From Theorem 2.1 we can say that if X is a P-space then each prime ideal of C(X) 
is in Im Interestingly, the converse is also true. In fact, if X is not a P-space then 
M,# O, for some p € X. Hence there exists a prime ideal P in C(X) containing O, which 
is not a z-ideal, [4I-5, 6, [3]]. Thus P ¢ Im since each member of Jaw is a z-deal. Hence 


we have the following theorem. 
Theorem 2.2. For a space X, the following are equivalent. 

(1) X is a P-space. 

(2) Every ideal of C(X) is in Jay 

(3) Every prime ideal of C(X) is in Im 

A collection F of zero-sets in a space X is called a filter on X if (1) HE F, (2) F 
is closed with respect to finite interesection and (3), Ze F and Z, is a zero-set in X with 
Z, 2 Z imply that Z, € fF, [2.2, [3]]. Recall that if J is an ideal of C(X) then the family Z[7] 
= (ZN: fe J} is a z-filter on X, [2.3 (a), [3]]. A space X is called an almost P-space if 
the interior of every nonempty zero-set in X is nonempty. It is well-known that a space X is 


an almost P-space if and only if every zero-set in X is regular closed, [Proposition 1.1, [4]]. 


In the following theorem we characterize almost P-spaces. 
Theorem 2.3. For a space X, the following are equivalent. 
(1) X is an almost P-space. 
(2) le Jow for each z-ideal J of C(X). 
(3) Me Jam for each p e BA. 
(4) M, E Jaw for each p e X. 


Proof. (1) => (2) : Let J be a z-ideal of C(X). Suppose fe Con MD. Then cl(X — Z(f)) € 
AAI) and therefore cl (X — Z(f)) & cl (X — Z(g)) for some g e I. Hence int,Z(g) < int Z) 
and so c/yint,Z(g) © clyint,Z(f). Since X is an almost P-space, every zero-set in X is regular 
closed and thus Z(g) < Z(f). Also g e I shows that Z(g) e ZI]. Since ZI/] is z-filter on X 
we now have Z) e ZIJ. Thus Z) = Z(h) for some h e I. Hence fe J since J is a z-ideal. 
Thus Coan) c land so / = Con N. 
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(2) > (3) : Trivial since every maximal ideal in C(X) is a z-ideal. 
(3) > (4): Trivial. 


(4) => (1) : Suppose (1) is false. Then there is a nonempty zero-set, say Z in X such 
that int,Z = ø. Choose p € Z and suppose Z = Z(f) where fe C(A). Then fe M, Thus 
cl {X — Z(f)) e PU) where J = M,. Now cl kX — Z) = X — intyZ = X since int,Z = 6. 
Hence X e AD. Therefore Cyp(X) = CX). thus M, = I 2 Cyyp(X). From Corollary 1.6 it 
now follows that M, = 1€ Jam; Hence (4) is false. 


We note that if MP € Jog for each p € BX —X then X need not be an almost P-space. 


Consider the following example. 


Example 2.4. Let U be a free ultrafilter on N. Suppose £ = N U {o} where o ¢ N. Define 
a topology on = as follows : all points on N are isolated and the neighbourhoods of © are 
the sets UU {co} for Ue w [4M, [3]]. In & the set {6} is a zero-set. Also int,{o} = 9. 
So & is not an almost P-space. Now choose p e BZ — X and suppose MP = J. If AP = Con) 
then Can&) = CŒ) since MP is maximal. Therefore int,Z(f) = ø for some fe I = MP. Now 
fe MP shows that p e clay Z(f) and therefore Z(/) is not compact. So Z(/) contains points 
of N. Since all point of N are isolated, it now follows that int,Z(f) # ø, a contradiction. 
Hence M = Cz,)(Z). Thus MP € Jog) for each p e BE — 2. 


An abstract ring R is called an F-ring if each finitely generated ideal in R is principal. 
A space X is called an F-space if C(X) is an F-ring. Equivalently, X is an F-space if and only 
if for each fe C(X) there exists k e C(X) such that f = k| fl, [14.25, [3]]. In 2014, we 
characterized F-spaces in terms of the ideals C„(A), [Theorem 2.1, [2]]. We now prove the 
following theorem. 
Theorem 2.5. Consider the following conditions for a space X. 

(1) Every finitely generated ideal in C(X) is in Tacx: 

(2) Every principal ideal in CCX) is in IK 

(3) X is an F-space. 

Then (1) and (2) are equivalent and each of them implies (3). 
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Proof. (1) > (2) : Trivial. 
(2) > (3) : Choose fe C(X). By (2), (| f) = Cp(4) for some P e Q(X). Hence (| f|) 


is a z-ideal. Now Z(| f) = Z) shows that fe (| fl). Hence there exists k e C(X) such that 
f= ki f|. Hence X is an F-space. 


(2) = (1) : If (2) is true then from (2) = (3) above we see that X is an F-space. Thus 
every finitely generated ideal in C(X) is principal. Hence the proof follows. 


It is to be noted that in Theorem 2.5, (3) need not imply (2) or (1). We consider the 


following example. 


Example 2.6. Consider the space X described in Example 2.4. It is an F-space, [4M-8, [3]]. 
Since {øo} is a zero-set in’ 2, we can select an fe CŒ) such that Z(/) = {0}. If possible now 
let I= e Jogy Then J = C,(%) for some P e QŒ). Therefore ch @Œ ~ ZA) e 2. Hence 
cl,(Z — {0}) € P. Since © is not isolated in 2, cl,(2 — {o}) = 2%. Thus Ze # and consequently, 
I = C,(Z) = CŒ), which is not possible since fis not a unit in C(?). Therefore J = (f) e 
Joey 
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A NOTE ON ROUGH STATISTICAL CONVERGENCE 
OF ORDER «a 
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ABSTRACT : In this paper, in the line of Aytar[1] and Colak [2], we introduce the notion of rough 
Statistical convergence of order @ in normed linear spaces and study some properties of the set of all 
rough statistical limit points of order a. 
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1. INTRODUCTION 


The concept of statistical convergence was introduced by Steinhaus [9] and Fast [3] and later 
it was reintroduced by Schoenberg [8] independently. Over the years a lot of works have been 
done in this area. The concept of rough statistical convergence of single sequences was first 
introduced by S. Aytar [1]. Later the concept of statistical convergence of order © was introduced 
by R. Colak [2]. 


If x = {x,},. „is a sequence in some normed linear space (A, || - ||) and r is a nonnegative 


real number then x is said to rough statistical convergent to & e X if for any e > 0, 


lim 7k sn Jj, -Elfar+e =o, 0, 


For r = 0, rough statistical convergence coincides with statistical convergence. 


In this paper following the line of Aytar [1] and Colak [2] we introduce the notion of 
rough statistical convergence of order & in normed linear spaces and prove some properties 


of the set of all rough statistical limit points of order a. 
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2. BASIC DEFINITIONS AND NOTATONS 
Definition 2.1. Let K be a subset of the set of positive integers N. Let K, = {ke K: 


. IK 
k < n}. Then the natural density of X is given by oe Fal where, |K,| denotes the number 
n 4 
of elements in K,. 


Definition 2.2. Let K be a subset of the set of positive integers N and a be any real number 
with 0 < a < 1. Let K, = {ke K : k< n}. Then the natural density of order a of K is given 


K, 
b im (Kal 
y no Č 


, where |K] denotes the number of elements in X, 


Note 2.1. Let x = {x,} ney be a sequence. Then X satisfies some property P for all k except 
a set whose natural density is zero. Then we say that the sequence x satisfies P for almost 
all k and we abbreviated this by a.a.k. 


Note 2.2. Let x = {x,},-n be a sequence. Then x satisfies some property P for all k except 
a set whose natural density of order a is zero. Then we say that the sequence x satisfies P 
for almost all k and we abbreviated this by a.a.k(0)). 


Definition 2.3. Let x = {x }„e y be a sequence in a normed linear space (X, || - ||) and r be 

a nonnegative real number. Let 0 < a < 1 be given. Then x is said to be rough statistical 
- l 

convergent of order & to  € X, denoted by x, Lies & if for any £ > 0, am za ik sn: 


ix, - l2 r + e}l = 0, that is a.a.k.(a) |x, - §|| < r + £ for every £ > 0 and some r> 0. 
In this case & is called a r-st-limit of x. 


The set of all rough statistical convergent sequences of order œ will be denoted by rS™ 
for fixed r with 0 <7 < 1. 


Throughout this paper X will denote a normed linear space and r will denote a nonnegative 


real number and x will denote the sequence x = {x,},.n in X. 
In general, the 7*-st-limit point of a sequence may not be unique. So we consider r*- 


st-limit set of a sequence x, which is defined by pr. LIM? T {Ee X:x, str È, The 
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a 
sequence x is said to be r*-statistical convergent provided that st - LIM}, = @. For unbounded 


sequence rough limit set LIM? =®. 


a 
But in case of rough statistical convergence of order a st- LIM‘, =® even though the 


sequence is unbounded. For this we consider the following example. 


Example 2.1. Let X = R. We define a sequence in the following way, 


Xn = (IP :i¢n,a=1 
= n, otherwise 
Then 
st- LIM = ifr <1 


il 


[1 -r r — 1], otherwise. 
and LIM" =ø for all r 2 0. 


Definition 2.4. A sequence {x,},. y is said to be statistically bounded if there exists a positive 


L 


real number M such that m „(x < n :|x,]|2 M}| = 0 


n->@ 
Definition 2.5. Let 0 <a < 1 be given. A sequence {x,} „e y ÍS said to be statistically bounded of 


order & if there exists a positive real number M such that lim Liik <n lx le MI = 0. 
n-> œ 


3. MAIN RESULTS 
Theorem 3.1. Let x be a sequence in X. Then x is statistically bounded of order if and only 
a 
if there exists a nonegative real number r such that st- LIM =9. 


Proof. The condition is necessary. 


Since the sequence x is statistically bounded, there exists a positive real number M such 
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that lim Lk < n ilal M} = 0. Let K = {k e Nil] x, |È M}. Define r' = sup{ll xl 


ke K°}. Then the set st- LIM? contains the origin of X. Hence st- LIM = 0. 


'The condition is sufficient. 


Q 
Let st- LIM’, =0 for some r 2 0. Then there exists / e X such that / € st- LIM". 


. l 
Then lim ~>|{k < n la, - /|2 r + e}| = 0 for each e > 0. Then we say that almost all 


N—>@ n” 
x,'s are contained in some ball with any radius greater than r. So the sequence x is statistically 
bounded. 


Theorem 3.2. Jf x’ = en is a subsequence of x = {X,} nen then st- LIM’ Cc st- LIM’: 


Proof. The proof is straight forward. So we omit it. 
a 
Theorem 3.3. st- LIM: ‚the rough statistical limit set of order u of a sequence x is closed. 


Proof. If st- LIM" =@ then there is nothing to prove. So we assume that st- LIM =. 


We can choose a sequence {y,} on S st- LIM? * such that Yy > ys for k — æ. It suffices 
to prove that y, € st- LIM" . 


Let £ > 0. Since y, — y, there exists k, € N such that || y, — yal] < 5 for k > k,. Now choose 
k,ne N such that kọ > k,. Then we can write || yz — ys|| < oe Again since {y,}, eN & st- LIM" 


we have yg € st- LIM? * This implies 


lim -frazzle +4 ]]=0 (1) 


n>n” 
Now we show the inclusion 


fk <n:]|x -yko <r+4}c {k <i] -əl <r +e} (2) 
holds. 
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Choose j € fk sn:|x -yyl <r +t. Then we have Ix;- ul <r +$ and hence 
| xj- y| < [æ = Yeo + |] eo ~y|[<r+e which implies je {k < n ix} — yell < r +e}, 


which proves the inclusion (2). | | | | 
| 


From (1) we can say that the set on the right hand side of (2) has natural density 1. 
Then the set on the left hand side of (2) must have natural density 1. Hence we get 


_ ] 
‚im -gff <n:||x; -»|lar+e}i=0, 
This completes the proof. CJ 


Theorem 3.4. Let x be a sequence in X. Then the rough statistical limit set of order a st - LIM; a 


is convex. 

Proof : Choose y,, y, € st-LIM" and let €> 0. Define K, = {k < n xy- yill 2 r + 8} 
and K, = {k Sn: |x, - „le r + e}. Since y, y, € st- LIM", we have 
lim —IKıl= m wa = 0. Let à be any positive real number with 0 SA < 1. 

Then 


I; - [0 - Ay + Aya} i] IA - MG, -y) + AG, -y)lI<rte 


a, | 
for each k e Ky ^ Kj. Since Jim | KE OS = |, we get 


lim Ll {ke sn: |x- -an +2n]|2r+e}|=0 


NON 
that is 


[1 - My, + Ody] © st- LIME 


which proves the convexity of the set st- LIM ; m 
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Theorem 3.5. Let x be a sequence in X and r > 0. Then the sequence x is rough statistical 
convergent of order a to & e X if and only if there exists a sequence y ={y,},en in X such 
that y is statistically convergent of order a to § and ||x, — y,|| Sr for allne N. 


Proof. The condition is necessary. 


Let x, si č. Choose any € > 0. Then we have 
_ | 
lim —|{rsn:lxe-&]ler+e}]=0 for some r > 0. (3) 


Now we define 
y, =K ifle- Sll sr 


+ r ES 


2 , otherwise 
Xp — 


Then we can write 
ly, - Sl = 9, if lx, -Sl] sr 
= ||x, - § || - r, otherwise 

and by definition of y,, we have || x, — y, || < r for all n e N. Hence by (3) and the 
definition of y, we get lim — Ht snl, -52 e} =0, Which implies that the sequence 
{y,tnen iS Statistically covergent of order æ to €. 

The condition is sufficient. 

Since {y,},cn is statistically convergent of order a to § we have 
lim — esas -&]>e}=0 for all e > 0. Also since for a given r > 0 and for the 
n>n 
sequence x = {x jnen Ilx, — ¥, Il <7, the inclusion {k <$ n |x- l 2r+e} g {ksn: 
{| ¥; — § || 2 £} holds. Hence we get lim -ofk <” 167 -glr +e }=0 This completes the 


proof. m 
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Theorem 3.6. For an arbitrary c e T, where T, is the set of all rough statistical cluster 
points of a sequence x €e X, we have for a positive real number r, ||€ - c|| sr for all 
ge st- LIMI - 


Proof. Let 0 < a < 1 be given. On the contrary let assume that there exists a point c e T, 


and & e st - LIM" such that ||& -c || > r. Choose € = = Z. Then 
{k < n |x- Ell 2 rte} 2 {ksn |x- cll <e (4) 


holds. Since c e T,, we have fim Lht sn lx -ell<e}#0, Hence by (4) we have 
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lim -ghk snillee -El<r+e}|#0, This is a contradictin to the fact E e st- LIMI. 
Theorem 3.7. Let x be sequence in the strictly convex space. Let r and a be two positive 
real numbers. If for anyy ,y,€® st- LIM’ with || y — yz || = 27, then x is statistically convergent 


of order a, to A 


Proof. Let z e T.. Then for any y}, Y3 st- LIM? * implies 

(y; — zl] <7 and || y,- z|| <r. (5) 
On the other hand we have 

2r = ly; - yll s lyi = zli + llya - zll (6) 
Hence by (5) and (6) we get || y; - z|| = || ya - z || = 7. Since 


40, - y) = +i - yp + - 2) (7) 


and || y; — y2 || = 2r, we get 140, — y,)|| = r. By strict convexity of the space and from the 


equality (7) we get ty, — yy) = Z—y, = y, — Z, which implics that z = ty, + y,). Hence 


z is unique statistical cluster point of the sequence x. On the other hand, from the assumption 
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Yp Yo E€ st- LIM implies that st- LIM!” +0. So by Theorem 3.1 the sequence x is 
statistically bounded of order a. Since z is the unique statistical cluster point of the statistically 


bounded sequence x of order œ we have the sequence x is statistically convergent to z = 
70 +») Oo 
Theorem 3.8. Let 0 <a < | and x andy be two sequences. Then 

(i) if r*-st-lim x = x, and c e R, then r®-st-lim cx = cx, 

(ii) if r°-st-lim x = x, and r*-st-lim y = yg then r*-st-Äim(x + y) = x, + Yo. 

Proof. (i) If c = 0 it is trivial. Suppose that c # 0. Then the proof of (i) follows from 


P+E 


ui Eu a Fern... 

“a {k Sn iex- wll2r+eli< Talk Sn de- xoll 2 EPH = ork s n eg- xol 
> ie] + er Since x is rough statistical convergent of order a, hence cx is also rough statistical 
convergent of order Q. 


Again 
1 | 
„a HR <n |x, ty) — Hp + Yall zr +e} s na Itk sn, - xoll r + ey 


+ ites n ly- voll r + eh 


It is casy to see that every convergent sequence is rough statistical convergent of order 
a, but the converse is not true always. 
Example 3.1. Let us consider the following sequence of real numbers defined by, 
x =1ifk=9r 
= 0, Otherwise 
Then it is easy to see that the sequence is rough statistical convergent of order with 


rS*-lim x, = 0 for a > 4, but it is not a convergent sequence. 


$ 
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Theorem 3.9. Let 0 <a <B < 1. Then rS* œ rS®, where rS% and rS® denote the set of all 


rough statistical convergent sequence of order a and § respectively. 


Proof. If 0<asf6< 1 then 
ale Ao 
7B {k < n:l ill r + e s yalik sn : lix- ile r + e 


for every € > 0 and some r > 0 with limit /. 


Clearly this shows that rS% c rs. 


a 
We do not know whether for a sequence x in X, r > 0 and for 0 < a < 1, diam (s - LIM; ) 
< 2r is true or not. 


So we leave this above fact as an open problem. 


a 
Open Problem 3.1. Is it true for a sequence x in X, r > 0 and 0 < a < 1, diam (s - LIM; ) 
< 2r. 
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ABSTRACT : In this paper, we obtain basic results and properties of 6-Lorentzian ß-Kenmotsu 
manifolds. Properties of Ricci semisymmetric and conformally flat 6-Lorentzian B-Kemmotsu manifolds 
are obtained. 
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1. INTRODUCTION 


In 1969, T. Takahashi [12] has introduced Sasakian manifolds with pseudo Riemannian metric 
and showed that one can study the Lorentzian Sasakian structure with an indefinite metric. 
In 1990, K.L. Duggal [8] has initiated the space time manifolds. S.Y. Perktas, Erol Kilic, M.M. 
Tripathi and S. Keles [10] and Hakan Oztur, Nasip Aktan and Cengizhan Murathan [9], U.C. 
De [3], U.C. De and J.B. Jun, Goutam Pathak [4], U.C. De [5], Lovejoy Das, R.N. Singh, 
Manoj Kumar Pande [6], U.C. de, A. Yildiz, B.E. Acet [7] have studied the various properties 
of Lorentzian B-Kenmotsu manifolds. Some other authors (see the list [2], [8], [11]) studied 
Lorentzian B-Kenmotsu manifolds. Recently Vilas Khairnar [15] studied weak symmetries of 


-Lorentzian B-Kenmotsu manifolds. 


In Section 2, we consider (27 + 1) dimensional differrentiable manifold M with Lorentzian 
almost contact metric structure with indefinite metric g. In this Section, some background 
information for defining 5-Lorentzian B-Kenmotsu manifold has been given. Further, various 
basic results are studied. Concrete Example for the existance of ö-Lorentzian B-Kenmotsu 
manifold is given. Section 3 is devoted to the study of the generalised recurrent properties 
of ö-Lorentzian B-Kenmotsu manifolds. This section includes some of the results of Hakan 
Oztur, Nasip Aktan and Cengizhan Murathan [9] as special cases. 
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Section 4 deals with the properties of Ricci semisymmetric and semisymmetric 
ö-Lorentzian B-Kenmotsu manifolds and generalises the results of Hakan Oztur, Nasip Aktan 
and Cengizhan Murathan [9]. Finally, in Section 5, the properties of confomally flat space 
6-Lorentzian B-Menmotsu manifold are obtained. 


2. 6 - LORENTZIAN ß - KENMOTSU MANIFOLD 
For an almost Lorentzian contact manifold, we have 


PX = X + HWE, nE) = -1, NH = gX, E) 


where @ is a tensor field of type (1,1), 5 is characteristic vector field and 7 is the 1-form. 


From these conditions, one can deduce that 


pS) = 0, ne) = 0 


for any vector field X on M. It is well known that the Lorentzian contact metric structure or 
Lorentzian Kenmotsu structure [8] satisfies 


(VOY = SR, YE + n(Yo(X) 
for any C™ vector fields X and Y on M. 


(Vor = B{e(o(X), NE + WAR} 


for any C” vector fields X and Yon M and ß is a nonzero constant on M. Using above formula, 


one can deduce for a B-Kenmotsu manifolds 
VS = BAHN 
and 
(VM = Bis HD +} 
Definition 2.1. A differentiable manifold M of dimension (27 + 1) is called a 6-Lorentzian 


manifold if it admits a (1, 1) tensor field @, a contravariant vector field &, a covariant vector 


field n and an indefinite metric g which satisfy 
(2.1) gx = X + (XE, 16) = -1, n(@(X)) = 0 
(2.2) gE, 5) = —8, n(x) = Sg(X, §) 
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(2.3) KEN, O(Y)) = TERN + RAM, 


where ö is such that & = 1 and for any vector field X, Y on M. The structure defined above 
is called a ö-Lorentzian almost contact metric structureso. Manifold M togather with the 
structure (9, &, n, g, 5) is called a 6-Lorentzian Kenmotsu manifold if 


(Ver = EA), NE + NINA 


Definition 2.2. A 5-Lorentzian almost contact metric manifold M(g, € n, g, 5) is called a 
ö-Lorentzian B-Kenmotsu manifold if 


(2.4) (V OXY) = Bis), NE + NEN); 


where V is the Levi-Civita connection with respect to g, B is a smooth function on M and 


X, Y are any vector fields on M and 6 is such that 5* = 1. 


If ö = 1, then ö-Lorentzian B-Kenmotsu manifold is the usual Lorentzian B-Kenmotsu 


manifold and is called the time like manifold. In this case, & is called a time like vector field. 
Example 2.1. Let M be a 6-Lorentzian B-Kenmotsu manifold. We put 
9=9, E =E, n=-n, g=-g, 5=-8 


Then (6, E, n, 9; 8] defines a 5-Lorentzian almost contact structure on M. For, 


OX =X+TKVE, GE, &)=-8, WE) =-1, NX) =4gCX, E) 
TAN, OY) =G(X, Y)+ SHYT) 
which by Definition 2.2, (9, E, ñ, 9, 8) is a 6 Lorentzian almost contact metric structure 


and further, it is a 6 Lorentzian contact metric structure on M. Thus we conclude that if 


(9, &,n, g, 6) is a -Lorentzian contact metric structure on M, then (9. E, n, 9, ö) is also 


a ò Lorentzian contact metric structure on M. 


Suppose (9, &, n, g, 5) is a 6-Lorentzian normal contact metric structure on M. Since 


the parallelism with respect to g and £ are the same, we get 
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(VyoKXY) = VAN = 2(9(D, NE + NND 


from which, finally we have 
VDO = GOA), NE +MP) 


which shows that (6, E, T, g, 8) is also a 6- Lorentzian normal contact metric structure on 
M. Similar arguments hold for 6-Lorentzian B-Kenmotsu manifolds. 
Lemma 2.1. For a d-Lorentzian B-Kenmotsu manifolds, we have 
(2.5) En VÆ = OB{X + na} 
for any vector field X on M. 
Proof. From (2.4) of Definition 2.2, we have 
V APY) — OV yh) = Bie), NE + NM} 
Now taking Y = € in the above equation and using (2.1), we get 
—9(V xY) = -Böp 


Applying @ on both sides of the above equation and using the fact that (V „g)(&, €) = 0 and 
(2.1), we get (2.5) 


Example 2.2. Let us consider the 3-dimensional manifold M = {(x, y, z) e R}, where 
(x, y, zZ) are the standered co-ordinates in R?. Following vector fields are linearly independent 
at each point of MÊ. 


e = + e, =-g(2)—+ fas, = 


where f and g are given by 
f = ae 
g = be 


with f? + g? # 0 for constants a and b and ß. Let g be an indefinite metric defined by 
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ge, &,) = gle), €3) = glen e;) = 0, glep €) = Bley, en) = 1, glez, e3) = -Ö 


and the 6-Lorentzian metre g is thus given by 


s=- ta” + (oy) - Sa) 


where 6 = +1. If ö = —1, then ö-Lorentzian metric g becomes a Riemannian positive definite 
metric on M so that in this case, the characteristic vector field E becomes a space like and 
if 6 = 1, then it becomes a light like. 


Let nn be the 1-form defined by 

n(X) = dg(X, §) 
for any vector field on AË. Let @ be the tensor field of type (1,1) defined by 

pe) = —€1, P(E) = —e,, O(E3) = 0 
Using the linearity property of g and 9, one can deduce 

PX = X + (XE, = -1, gE, 5) (9%), PCY) = X, N + RN 

Also 

nle,) = 0, Nle,) = 0, Nes) = -1 


for any vector field X and Y on M. Let V be the Levi-Civita connection with respect to g. 


Then we have 
[e,, &,] = 9, [e,, e3] = Öße,, [e,, e,] = Öße, 
Using Koszule's formulas for Levi-Civita connection V with respect to g, that is 
2e(Vy E Z) = Ah Z) + Yg(Z, X) - Zei, N 
- &(& [E Z) - ge [X ZI) + eZ, [X FD) 


one can easily calculate 
V e183 = de,» Vae =0, Ve = öße, 


Vae ße, Vo22=0, Ve =0 
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Vaer = 5Boys Vee = SBe, Veze =ößer 


With these information, the structure (n, &, n, g, 5) satisfies (2.4) and (2.5). Hence 
MEC, 6, n, g, 5) defines a 5-Lorentzian B-Kenmotsu manifold. 


Lemma 2.2. for a 5-Lorentzian B-Kenmotsu manifold M. we have 
(2.6) (VEN = Bie VY) + MAMI} 
for any vector fields X and Y on M. 


Proof. Consider, 


(2.1) VOM =V) - nV) 
= SV 8C, 8) - ög(V, X &) 
= ög(Y, V) 


Using (2.5) in (2.7) we get (2.6). 
Lemma 2.3. For a ö-Lorentzian B-Kenmotsu manifold M, we have 
(2.8) RX, YE = PHX — nOr + SRY — (¥B)97X} 
(2.9) RE, NE = {B? + SEB)}q7Y, RE, EE = 0 
for any vector fields X and Y on M. 
Proof. From (2.5) and the fact that 
IX Y) = VY - Vx 
we have 
RX, NE = VE VE Vix vf 
= V {SBP - VSPA) 
(2.10) SB[V,Y — VX) + (v7 - VOE] 
= 5{(XB)9?Y ~ (¥B)92X} + BELV KON — V APW) 
- SBV yY - V,X) + n(Vy¥ - V XE], 
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Also, we have 


2.11) VAPP) = VY + Biel Y + SNCAMCM)}E + NIV ANE + SBN + 108) 
From (2.11), finding the expression for 
VY) - VX) 
and further, substituting in (2.10), after simplification, we get (2.8). 
(2.9) follows from (2.8) by putting X = €. 
Lemma 2.4. For a 8-Lorentzian B-Kenmotsu manifold M, we have 
(2.12) RE, Y)X = B*{8e(%, NE - nr 
+ 3{(XB)97¥ — PV, OC) XgraaB)} 
for any vector fields X and Y on M. 
Proof. From the identity 
g(R(E, NR Z) = gR 2 N 
and (2.8) of Lemma 2.3, we have 
a(R(E, PX, 2) = gR, 25 N 
= BEn(XeZ N + (DLX N} 
+ SZBP, Y) + (XB)g(Z, N} 
After simplification, we (2.12). 


Lemma 2.5. For a 6-Lorentzian B-Kenmotsu manifold M, we have 


(2.13) SCY, &) = 2nB*n(Y) - (2n — 1)8(¥B) + 8n(Y)(EB) 
(2.14) S(E, E) = -2n{ß? + 8(EB)} 
(2.15) OY = 2nfY, 


where B = constant 


Proof. From (2.8), we have 
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(2.16) (R(X, NE, Z) = PMX, D - n(Xat¥, 2} 
+ SLAPPE Z) - (YB)g(9*X, Z)} 


Let {e}, i= 1, 2, 3..., 2n + 1 be the orthonormal basis at each point of the tangent 
space of M. Then Putting X = Z = e, we have 


g(Rle, YE, e) = Bin(Nete, e) — neg, e) 
+ 3{(e,B)e(o7Y, e) - Pep e, e)} 
which after simplification gives (2.13). Put Y = & in (2.13) to get (2.14). Also from (2.13), 
we get (2.15). 
3. GENERALISED RECURRENT -LORENTZIAN B-KENMOTSU MANIFOLD 


In this Section onwards, we assume that f is constant. 


Definition 3.1. A -Lorentzian B-Kenmotsu manifold M is said to be a generalised recurrent 


manifold if the curvature tensor R of M satisfies 
8.1) (V RMX DW = AORE DW + Bg, Melz WY - eZ WZ, 
where A and B are associated l-forms and X, Y Z, W are any vector fields on M. 
Lemma 3.1. For a generalised recurrent -Lorentzian B-Kenmotsu manifold M, we have 
(3.2) (VRE, Z% = 0 
for any vector fields X, Z on M. 
Proof. We know that 
(VyRXE, D5 = VRG, 25 - RV 28 

— RE, VyZ)E - RE, DV% 

= V{{B* + 8(EB)}97Z] 

— RISB{X + n 98, ZI5 

— {ß? + 8(EB)}97(V 2) 

— BRE, DX - SPNCORE, 25 
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Now using (2.5), (2.6), (2.8), (2.9) in the above equation, after lengthy simplification, we get 
(3.2) 


We assume that M is a generalised recurrent ö-Lorentzian B-Kenmotsu manifold. Then 
(3.1) of Definition 3.1 holds. Now put Y = W = € in (3.1), we find 


(3.3) (VRE, 25 = ARE, DIE - BeZ, SE - g6, 92} 

By virtue of (3.2) of Lemma 3.1 and the above equation (3.3), we find 
B°A(X) + SBX) = 0 

for any vector field X on M. Hence we state 

Theorem 3.1. A generalised recurrent ò- Lorentzian B-Kenmotsu manifold M satisfies 
B74 + 6B =0 

where 6 = +]. 


Corollary 3.1. A generalised recurrent Lorentzian B-Kenmotsu manifold M satisfies B?A + B 
= 0 


Corollary 3.2. A generalised recurrent Lorentzian Kenmotsu manifold M the 1-forms A and 


B are in the opposite direction. 


4. RICCI SYMMETRIC AND SEMISYMMETRIC 6-LORENTZIAN B-KENMOTSU 
MANIFOLD 


In this Section, we introduce the notion of Ricci semisymmetric and semi symmetric 


ö-Lorentzian B-Kenmotsu manifold 

Definition 4.1. A ö-Lorentzian B-Kenmotsu manifold is said to be Ricci semisymmetric if 
(4.1) (RR PSZ, U) = 0 

and is said to be semisymmetric if 

(4.2) (RR NRZ U) = 0 

for any vector fields X, Y Z U on M. 
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/ We have 

da) (R(X, PSZ U) = RX, YSZ, U) - SRA NZ U) - SZ RA YU) 
From (4.1) the above equation (4.3) reduces to 

(4.4) S(R(X, NZ, U) + S(Z, R(X, YU) = 0 

Now setting X = Z = € in (4.4), we get 


(4.5) SCRE, YK, U) + SE, RE, YU) = 0 

Now using (2.12) of Lemma 2.4 and (2.9) of Lemma 2.3 in (4.5), we get 
(4.6) S(Y, U) = (-2nB*8)g(¥, U) 

(4.7) r = -2n(2n + 1)B28 


where r is the scalar curvature of M. Hence, we state 

Theorem 4.1. A Ricci symmetric d-Lorentzian B-Kenmotsu manifold is an Einstein manifold 

Corollary 4.1. [9] A Ricci symmetric Lorentzian B-Kenmotsu manifold is an Einstein manifold 

Corollary 4.2. [9] 4 Ricci symmetric Lorentzian Kenmotsu manifold is an Einstein manifold 
a 


Theorem 4.2. A symmetric d-Lorentzian B-Kenmotsu manifold is an Einstein manifold 


Proof. Follows from the fact that R-R = 0 is the subset of R'S = 0, so that R-S = 0 implies 
that R-R = 0. Hence (4.4) holds. 


Corollary 4.3. [9] A symmetric Lorentzian B-Kenmotsu manifold is an Einstein manifold 
Theorem 4.3. For a Ricci semisymmetric d-Lorentzian B-Kenmotsu manifold M, the scalar 
curvature r of M is constant and is given by (4.7) 

5. A -LORENTZIAN B-KENMOTSU MANIFOLD WITH C=0 
The Weyl’s conformal curvature tensor C of type (1, 3) on M is defined by (5.1) 


CK DZ = RK NZ + = [HK DY - MY DX + eX HOY - aX DON 





a Satin ry (eX DY ~ g(¥% DX}, 
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where S(X, Y) = e(QX, Y) and X, Y Z are any vector fields on M. 


For n > 1 it is well known that M is conformally flat if C is identically vanishes on M. 


Theorem 5.1. A conformally flat -Lorentzian B-Kenmotsu manifolds M(n > 1) is an ņ-Einstein 
manifold. 


Proof. Suppose M is conformally flat. Then C = 0, so that (5.1) takes the form 


(5.2) RK, DZ = -zy SÆ DY- SH DX + gX, OY - g(X, DON 


ann (AX DY - ah DY, 
Set Z = E in (5.2) and then using (2.13) of Lemma 2.5 and (2.8) of Lemma 2.3, one obtains 
NDAY - NOX = 2nB2 MUX - naar 
- (Qn - DB MYX - nr) 
- (ayy + nn 
which after simplification gives 


2 


53)  n@or-nmox = {P-E} mmx - neon 


Putting Y = & in (5.3) and using (2.15) of Lemma 2.5, we have 


Ox = {-P?}x -2n- dp? Sh ns, 
From which, we have 


(5.4) S(X, Y) = {se Bg (x Y)—|Qn- 1B? nr, 


n 
which proves the Theorem. 


Contracting (5.4), we have the following expression for the scalar curvature r of M 
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(5.5) 
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B [2n(2n + 1)8 -1]B” 
l "Fn=(2nt)stl 


provided 6 + 1..If 6 = —1, then (5.5), we have 


(5.6) 


_ 2n(n+1)ß° 
2n + | 


Theorem 5.2. In a conformaly flat 5-Lorentzian B-Kenmotsu manifolds M (n > 1), the scalar 


curvature r of M is given by (5.5) 


Theorem 5.3. In a conformally flat 5-Lorentzian B-Kenmotsu manifolds M (n > 1), the scalar 


curvature r of M is constant and given by (5.6). 
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CHARACTERIZATIONS OF TOPOLOGICAL 
PROPERTIES VIA STRONG QUASI-UNIFORM COVERS 


S. SINHA’, M. N. MUKHERJEE, A. DEBRAY 


ABSTRACT : Pervin [6] demonstrated that every topological space is quasi-uniformizable. It has been 
observed by Brümmer [1] that unlike the case of uniform covers for a uniform space, a quasi-uniform 
space cannot be characterized by quasi-uniform covers. In [5], the last two authors introduced the idea 
of strong quasi-uniform covers, and a characterization of a quasi-uniform space in terms of such covers 
was proved; moreover; a few topological properties were also formulated in this connection. The purpose 
of this paper is to continue the study and to characterize a few more topological properties in terms 
of strong quasi-uniform covers. Furthermore, we study the inter connections among the three—quasi- 
uniformity, topology and strong quasi-uniform cover, in terms of category. 


Keywords : Quasi-uniformity, transitive base (subbase), strong quasi-uniform cover. 
AMS Subject Classification (2010). 54E15, 54D20, 54B30. 


1. INTRODUCTION 


In [6] Pervin showed that the development of uniform spaces is a natural one from topological 
spaces through quasi-uniform spaces. In the same paper he mentioned Csäszär’s [2] assertion 
that every topological space can be derived from a quasi-uniform space i.e., every topological 
space is a quasi-uniform space. Now it has been shown [8] that a uniform space can be 
completely characterized by means of uniform covers. Again, the notion of quasi-uniform covers 
has been introduced in [3], which is analogous to that of uniform covers. Then intuitively it 
seems that a quasi-uniform space can be characterized completely by means of quasi-uniform 
covers. But unfortunately this is not the case. Actually Briimmer pointed this out in [1]. Then 
in [5], the idea of strong quasi-uniform cover was introduced as a suitable modification of 
quasi-uniform cover, and quasi-uniform spaces were characterized by such covers. In [5], some 


topological properties were also characterized by this new type of covers and many other 
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topological properties were left out. In this paper some of these remaining topological properties 
are characterized. Lastly we present quasi-uniformity, topology and strong quasi-uniform cover 


in terms of category so as to have a better understanding of their interrelations. 


2. PREREQUISITES 
The concept of quasi-uniformity on a non-empty set was studied in [2] and [3]. 
Definition 2.1 ([3]). For a non-empty set X, a subcollection Q of the power set exp(X = X) 
of X x X is called a quasi-uniformity on X if 
lL Ag QR VQe Q, where A = {x x): x € A). 
2. Qe QandQcP CX xX together imply P € Q. 
3. for any two members Q and P of O, AR e Q such that RG QAP 


4, for any member Q of QO, AP e O such that P° P & Q, where R° S = {(% z) € 
X x X: dye xX such that (x, y) € Rand (y, z) € S}, for R Se Q. 


The members of Q are called entourages of the quasi-uniform space (X, Q). 


Definition 2.2 ([3]). On a non-empty set X, a subcollection B of a quasi-uniformity Q is said 
to from a base for Dis for each Qe QO, AB e B such that BC Q 


Here the quasi-uniformity Q is said to be the quasi-niformity generated by B. 


Definition 2.3 ([3]). Let (X, Q) be a quasi-uniform space. Then 5 c Q is called a subbase 
for O if the family of finite intersections of members of 5 is a base for Q. 


Here the quasi-uniformity Q is said to be the quasi-uniformity generated by S. 


Theorem 2.4 ([3]). Let (% @Q) be a quasi-uniform space. Then the collection 
GG cX:xeG=>xe Cx) ¢G, for some QE Q} forms a topology on X, where Xx) 
= {ye X: œ y)e Qh. 


This topology is termed as the topology induced by Q on X and it is denoted by (Q). 


In [2] Császár asserted that every topological space can be derived from a quasi-uniform 


space. This quasi-uniformity for a given topological space is called a compatible quasi- 
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uniformity with the topology, and the given topology is said to admit the quasi-uniformity. 
In [7], Pervin gave a direct topological construction of a compatible quasi-uniformity for a 


given topological space and it is called the Pervin quasi-uniformity for the space. 


Definition 2.5 ([3]). A base (subbase) for a quasi-uniformity is said to be transitive if 
B ° B = B, for all members B of the base (subbase), so that each member of the base (subbase) 


is a transitive relation. 


Definition 2.6 ([3]). If a quasi-uniformity has a transitive base (or subbase), then it is said 
to be a transitive quasi-uniformity. 

Example 2.7 ([3]). Let (X, t) be a topological space. Pervin [7] constructed a quasi-uniformity 
on (X, t) with the sbbase given by th collection, {TG X \ G) : Ge T}, where T(G X \ G) 
stands for (X x X \ (G x (X \ G))). Then the collection of the sets of the form 


ie{1,2,n} ACL 2 qn} IGA jell2,n]\A ieA iefl,2,_.n} 


turn out to be a base for this quasi-uniformity, Nn e N. It is called Pervin's quasi-uniformity. 
For a topological space, the Pervin's quasi-uniformity is transitive. 

Definition 2.8 ([3]). For two quasi-uniform spaces (X, Qy) and (Y, Qy), a function f: X > 
Y is called quasi-uniformly continuous if for each Qe Qy, AP e Qy such that (x,, x,) € 
P => (fm), fo) € Q 


3. COVERS FOR QUASI-UNIFORM SPACES 


We start with the existing notion of quasi-uniform cover for a quasi-uniform space, which is 
analogous to that of a uniform cover for a uniform space. 


Definition 3.1 ([3]). A cover C of a subset A of a quasi-uniform space (X, Q) is said to be a 
quasi-uniform cover of A if 3Q e Q such that for each a e A, 3C e C witha e Qa) CC. 


Example 3.2. Let (X, Q) be a quasi-uniform space and t = t(Q) be the topology induced 
by O on X. Then 7 itself is a quasi-uniform cover of X. 


Now, unlike uniform cover for a uniform space, quasi-uniform cover could not describe 


quasi-uniformity completely (see [1] for further details). Then in [5], the corresponding authors 
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suitably amended the notion of quasi-uniform cover to have the new one, called strong quasi- 
uniform cover. In this section first we recall the basics about strong quasi-uniform cover from 
[5] and then interpret certain characteristics of it to have all the prerequisites for our further 
discussion. Before proceeding further, we fix here certain notations which will be used 
afterwards. For a non-empty set X and a non-empty collection C c exp(X), the collection 
{Ce C:xe C} will be denoted by C,, for each x e X. Further by Q. we will mean the 
collection {(x, y): xe Xand ye N C}. In [3], Q, was shown to be a reflexive and transitive 


relation. 


Definition 3.3 ([5]). Let (X, Q) be a quasi-uniform space and C be a cover of X. Then C 
is said to be a strong quasi-uniform cover of X if xe Qx) GM C, for some Qe Q and 
Vx e X. 


Now for a quasi-uniform space (X, Q), we immediately have a strong quasi-uniform cover, 
as the singletone collection {A}. But it's a trivial one. For non-trivial ones we refer to the 
following lemma which actually gives us a plenty of strong quasi-uniform covers on a given 


quasi-uniform space. 


Lemma 3.4 ([5]). For each transitive member Q of a quasi-uniformity Q on a non-empty set 


X, {CXx) : x e A} forms a strong quasi-uniform cover of X. 


It is quite obvious that a strong quasi-uniform cover is a quasi-uniform cover, but not 


conversely, which follows immediately from Example 3.2. 


Theorem 3.5. Let B be a transitive base for a compatible quasi-uniformity of a topological 
space (X, 1). Then {B(x): x e X, B e B} forms an open base for 4. 


Proof. In [3] it has been established that {B(x) : B e B} is a base for the neighbourhood 
filter at x, Vx €e X. So we only have to show that B(x) € t, Vx e X and VB e B. Let 
y e Bx) andze BY). So œ yo Je B> (x zje BOB=BazE Bx) > BO) 
c B(x) ie, y e BY) c B(x), Vy e B(x). Hence B(x) e +t. The rest of the proof follows 


immediately. 


Theorem 3.6. Each strong quasi-uniform cover of a quasi-uniform space is an open 


Cover. 
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Proof. It follows from the definitions of the strong quasi-uniform cover and the topology 


generated by a quasi-uniformity. 


In [5], the following characterization of a quasi-uniform space was obtained in terms 


of covers : 


Theorem 3.7. Let € be the collection of all strong quasi-uniform covrs of a quasi-uniform 
space (X, Q). Then 


l. fC e @ and D is a cover of X such that NC, G ND, for each x e X, then 
De @ 


2. IfC,,C,€ & then 3C e € such that NC, œ (C,), and AC, = N(C,), for each 
xEX. 


Conversely, let € be a collection of covers of a non-empty set X and € satisfies (1) 
and (2). Then {Q. :C € ©} forms a transitive base for a quasi-uniformity on X and @ is 
exactly the collection of all strong quasi-uniform covers of this quasi-uniform space. 
Theorem 3.8. Let Q be a compatible quasi-uniformity for a topological space (X, 1) and € 


be the collection of all strong quasi-uniform covers of X. Then the transitive quasi-uniformity, 


say Ow induced by € on X is a subcollection of Q and if Q is transitive then both are same. 

Proof. Let C e €. Then for some Qe Q, Qx) a nl, Vx e X. Now Q = Q.. In fact, 

œ yje Q>3ye Q)anc, > & ye Q. Thus Q e Q and hence Og S O. 
Now let B be a transitive base for Q, dd consider any B e B. Then by Lemma 3.4, 


C = {B(x): xe X} € € We claim that Qc B so that Q g Og and we are done. In fact, 
xk ye Q => ye C = N{BZ): xe Bz), ze X a BO), asx e BX). > (x ye B. 

From the above result we can infer that distinct quasi-uniformities on a non-empty set 
may have exactly the same collection of strong quasi-uniform covers. 


Theorem 3.9. Let (X, T) be a topological space and Q be a compatible transitive quasi- 
uniformity for it. The {Q-(x):xe X, C e @ ie, {aC :xe X,C e © is a base for 
(X, t), where @ is the collection of all strong quasi-uniform covers of (X, Q). 


Proof. Follows from Theorem 3.5, 3.7 and 3.8 together. 
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Theorem 3.10. Let (X, Qy) and (Y, Qy) be two quasi-uniform spaces and suppose Qy has a 
transitive base, say B. Then a function f: X > Y is quasi-uniformly continuous if and only 
if given any strong quasi-uniform cover C of Y, f (C) = {f!(C): Ce C} is a strong quasi- 


uniform cover of X. 


Proof. Let f: (X, Qy) > (Y, Qy) be quasi-uniformly continuous and C be a strong quasi-uniform 
cover of Y. Then C being a strong quasi-uniform cover of Y, iQ e Qy such that ye QQ) 
ent, Vy e FY. Now f being quasi-uniformly continuous, IP € Qy such that (x,, x,) € 
P => (fx) Ax,)) e Q. Next let x e X and x' e P(x). Also consider C e C such that 
x e FC). Then fx) e C => fx) € A) a C. Again x'e P(x) > Q, x) € P = (Ax), 
RxD e Q> AxJe AR) a C. Since Ce C is arbitrary, Ax) e AK) g NC ayy So, 
P(x) e N(f\(C)), Thus fI(C) is a strong quasi-uniform cover of X. 


Conversely suppose that the given condition holds and let Q be a member of Qy. Then D 
being a base for Q, 3B e B such that B c Q Again by the Theorem 3.4, {B(y): ye Y} is 
a strong quasi-uniform cover of Y. Now arguing similarly as in Theorem 3.5, we can show that 
ye BOY) a n{B@e) :ye Be) and ze Y}, Vy e Y. Now by the assumed condition, 
{F (BO)) : y € Y} is a strong quasi-uniform cover of X. So, there exist Pe Q, such that 
xe Pix) a N{f'(BO)) : x e F'(BO)) and y e N, Vx e X. Let (x, x,) € P. Then 
x € Pa) a A{F (BO) : x, € FBO) and ye Y}. Again n{f(BQ)) : x, e FBO) 
and y € Y} c FBA). So xe FEAR) > Kx) © BAR) > (x), fo) € B. 


Thus fis quasi-uniformly continuous. 


The transitivity of (Y, Qy) is not necessary for the necessity part. 


4. TOPOLOGICAL PROPERTIES AND STRONG QUASI-UNIFORM COVERS 


Here in this section we will characterize some topological properties in terms of strong quasi- 
uniform covers. In [5], some properties, namely Hausdorffness, compactness, near compactness, 
paracompactness, near paracompactness, S-closedness, s-closedness, quasi-H-closedness, have 
been characterized. Here we will address the issues regarding first countability, several 
separation axioms, separability and connectedness. To that end, we first derive the expressions of 


closure and intrior of a subset in terms of strong quasi-uniform covers of a quasi-uniform space. 
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In what follows in this section, it will be assumed (if not stated otherwise), to avoid repetition, 
that the topology T of any space (X, 1), under consideration, is generated by a transitive quasi- 


uniform base B (in fact, this is always the case in view of Example 2.7). 


Lemma 4.1. Suppose @ is the collection of all strong quasi-uniform covers of a topological 
space (X, 1). Then for any subset A of X, 

cA) = {xe X: (NC) NA#O,VC E ©. 
Proof. Let x e cA) andC e @ Asx e MC, e 1, we have (NC,) 9 A # 0. 


Again, let x e X such that (NC,)n 4 #6, VC e €. Then for any open neighbourhood 
G of x, JC e @ such that xe NC, a G. So AN G + and hence x e cli(A). 


Lemma 4.2. If € denotes the family of all strong quasi-uniform covers of a topological space 
(X, 1), then for any subset A of X, 


int(A) = {xe X: C c A, for some CE ©). 
Proof. Let x e int(A). Then the equality follows immediately by virtue of Theorem 3.9. 


Now, let xe X with NC, ¢ A for some C e @ Now as C e 6 3B e B such that 
xe Bx) GAC, ie, xe Bex) a A. Again B(x) e t. Thus x e int(A). 


We are now equipped enough to characterize certain topological concepts via strong quasi- 


uniform covers. 


Theorem 4.3, Let (X, ty) and (Y, ty) be two topological spaces, where ty and ty are generated 
by two quasi-uniformities with transitive bases By and B, respectively. Then a function 
f : X —> Y is continuous if and only if given x e X and a strong quasi-uniform cover Cy of 


Y d a strong quasi-uniform cover Cy of X such that AA(Cy),) G OC Dae 


Proof. Let f: X — Y be continuous and x e X. Again let C, be a strong quasi-uniform cover 
of Y. Then, by Theorem 3.9, A(C PA) is an open neighbourhood of f(x). Now by using the 
same theorem and the continuity of f we find a strong quasi-uniform cover C, of X such that 


xe M(Cy), and AN(Cy),) S N yxy: 


Conversely we assume the given condition and let x e X and f(x) € Ge Ty Then f(x) 


E N dan, E G, for some strong quasi-uniform cover Cy of Y. By hypothesis, there exists a 
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strong quasi-uniform cover Cy of X such that {A(Cy),) = AC Yep where x € (Cy), € Ty, 
proving the continuity of f. 


Theorem 4.4. A topological space (X, 1) is T, if and only if for each pair of distinct points 
x and y of X, there exists a strong quasi-uniform cover C of X such that either y ¢ NC, or 


x¢ AC, 


Proof. Let x, y be two distinct points in a T,-space (X, 1). Then for some open set G of X, either 
xe Gyg Gorx¢ Gye G. Then for the first case, there exists a strong quasi-uniform 


cover C of X such that xe AC e G y NC, Similar is the other case. Thus the result follows. 
The converse is also clear in view of Theorem 3.9. 


Theorem 4.5. A topological space (X, 7) is T, if and only if for each pair of distinct points 
x and y of X, there exists a strong quasi-univorm cover C of X such that y ¢ NC, and 
en Cy 


Proof. Let x, y be two distinct points in a 7,-space (X, 1). Then there are open sets G, G, in 
X such that xe G, y¢ G, and ye G,, xé G, Then there exist strong quasi-uniform covers 
C,,C, of X such that xe N^ (C) a G and ye N (C) ¢ G, Now by Theorem 3.7, there 
exists a strong quasi-uniform cover C of X such that x e ^ C e O(C,), and ye A C, e 
N (C2), This gives y ¢ OC, and x ¢ A C, 


The converse follows from the fact that ^C, NC, et. 


Theorem 4.6. 4 topological space (X, 1) is T, if and only if for any two distinct points x 
and y of X, there exists a strong quasi-uniform cover C of X such that (NC JANC) =o. 
Proof. Consider any two distinct points x, y in a T,-space (X, 1). Then there are two disjoint 
open sets U, V in X such that xe U, ye Vand UN V = 6. Then we have, x e n(C,), 
cUandyen (Ca), © F, for some strong quasi-uniform covers C ,, C, of X. Now by Theorem 
3.7, there exists a strong quasi-uniform cover C of X such that x € OC, & A(C,), and 
ye AC, E N(C,), Since U N V = 6, we have (^C) A (nC) = 9. 


Conversely since NC, AC, e tÈ) = t, X becomes 7,. 


Note 4.7. Though the above theorem was proved in [5], here we have given a simpler proof. 
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The proofs of the next two theorems go along the same line as those of the above three 


theorems and hence are omitted. 


Theorem 4.8. A topological space (X, t) is regular if and only if for any given closed set 
A c X and xe X \ A, there exists a strong quasi-uniform cover CY of X, for each 
y e A U{x} such that (NC*,)A(NC7,) = 6, Va € A. 


Theorem 4.9. A topological space (X, T) is normal if and only if for any two non-empty closed 
sets Á, D c X with AN D = 9, there exist strong quasi-uniform covers C* of X, for each 
x E€ AU D, such that (AC INC?) = 6, Va e A and Vd e D. 


Theorem 4.10. A topological space (X, 1) is connected if and only if for any non-empty 
proper subset A of X and any strong quasi-uniform cover C of X, 3x e X such that 
A AOC) # o> # (X\ AMN(NC,). 


Proof. Let (X, t) be connected and A be a non-empty proper subset of X. As Bd(A) (=boundary 
of A) #6, choose x € Bd(A). Then by Theorem 3.9, Lemma 4.1 and Lemma 4.2, the condition 


follows immediately. 


Conversely suppose that A is a non-empty proper subset of X and the given condition 
holds for A. then again by Theorem 3.9, Lemma 4.1 and Lemma 4.2, x e Bd(A) i.e., A has 
non-empty boundary and so (X, T) is connected. 


Theorem 4.11. 4 topological space (X, 7) is first countable if and only if given x €e X, 3 
a countable family {C, : n e N} of strong quasi-uniform covers of X such that 
{A(C,). : n e N} is a local base at x. 


Proof. Let in a first countable topological space (X, 1), {4, : n e N} be a local base at x 
e X. As A, € t for each n e N, there exists a strong quasi-uniform cover C, of X such that 
xe n(C,), & A, proving that {A(C,). : n e N} is a local base at x. 

The converse part is immediate by use of Theorem 3.9. 
Theorem 4.12. A topological space (X, T) is separable if and only if there exist a countable 
subset A of X such that for any strong quasi-uniform cover C of X. 


(ND) A A #6, VD CC with AD # 6. 


~ 
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Proof. Let (X, 1) be separable. Then for some countable subset A of X, c/(A) = X. Now consider a 
strong quasi-uniform cover C of X and suppose D c C with ND + 6. Also, let x e AD. Now 
as x € cKA), (NC,) N A #6, by Lemma 4.1. Since NC, œ ND, we have (ND) ^ A #6. 


Conversely assuming the given condition, let x e X and x e Ge Tt. Then x e NC, 
< G, for some strong quasi-uniform cover C of X. We need to show that AM G # 6, which 
is immediate from the hypothesis that (NC,) A A #6. 


5. CATEGORICAL DESCRIPTION OF QUASI-UNIFORMITY 


In this section we will describe quasi-uniformity and its interrelations with topology and strong 
quasi-uniform cover in terms of category. To do this at first we will consider the following 


definitions and results. All the concepts regarding category used here are taken from [4]. 


Definition 5.1. Let X be a non-empty set. A covering structure on X is a collection © of covers 
of X such that 


l. C e & and D is a cover of X such that NC, œ AD, for each x eX implies D 
e €. 

2.C,C,e @ implies IC e © such that OC a n(C,), and OC, e ACC), for each 
xe X, 


X together with €, (X, ©), is called a covering structure space. 


Theorem 5.2. Let (X, Oy) and (X, Qy) be two quasi-uniform spaces and 1, and ‘ty be two 
compatible topologies with Qy and Qy respectively. Then the quasi-uniform continuity of f : 
(X Qy) > (X Qy) implies the continuity of f : (X, ty) > (X Ty). 

Proof. The proof is quite straightforward. 

Theorem 5.3. Let (X, ty) and (Y, ty) be two topological spaces and P, and P, be the Pervin's 
quasi-uniformities generated by ty and ty respectively. Then the continuity of f : (X, ty) > 
(Y, Ty) implies the quasi-uniform continuity of f : (X, Py) > (Y, Py). 

Proof. The proof is absolutely straightforward, but involves rigorous calculations. Hence we 


omit it. 


CHARACTERIZATIONS OF TOPOLOGICAL PROPERTIES 71 


Definition 5.4. Let X and Y be two non-empty sets and €, and @, be two collections of covers 
on X and,Y respectively. Then a function f: (X, €) > (Y, Gy) is said to be cover continuous 
if for any C e Cy, fC) = {f1(C): C e C} is a member of @,. 

Theorem 5.5. Let (X, Qy) and (Y, Qy) be two quasi-uniform spaces and ©, and @, be the 
collections of strong quasi-uniform covers of X and Y respectively. Then the quasi-uniform 
continuity of f : (X, Qy) > (X Qy) implies the cover continuity of f :(X, €) > O, Cy). 


Proof. It follows readily from Theorem 3.10. 
Theorem 5.6. Let (X, €y) and (Y, @,) be two covering structure spaces and Q, and Qy be 


the quasi-uniformities generated by €, and €, respectively. Then the cover continuity 
of f : (X Ey) > (Y, G) implies the quasi-uniform continuity of f : (X, Qy) > (Y, Qy). 


Proof. It again follows from Theorem 3.10. 


We now list some major facts about continuous, quasi-uniformly continuous and cover 


continuous functions to construct certain categories afterwards. 


Fact 3.7. 1. Composition of any two quasi-uniformly continuous (continuous, cover continu- 
ous) functions between two quasi-uniform (topological, covering structure) spaces 


is quasi-uniformly continuous (continuous, cover continuous). 
2. The identity function on a quasi-uniform (topological, covering structure) space 
is quasi-uniformly continuous (continuous, cover continuous). 
In view of the above facts we consider the following categories : 
1. QU : The elements are the quasi-uniform spaces and the morphisms are the quasi- 
univormly continuous functions among them. 


2. QU* : The elements are the transitive quasi-uniform spaces and the morphisms are 
the quasi-uniformly continuous functions among them. 
3. Top : The elements are the topological spaces and the morphisms are the continuous 


functions among them. 


4. Cov: The elements are the covering structure spaces and the morphisms are the cover- 


continuous functions among them. 
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Theorem 5.8. OU* is a full subcategory of QU. 
Proof. It is obvious. 
Theorem 5,9. F : QU -— Top, described by 

(X Oy) > (X, Ty) 


d hes 

(Œ Qy) > (E Ty) 
is a faithful, but not a full functor, where ty = (Qy), Ty = Qy). 
Proof. is first part follows from Theorem 5.2. 


For the last part we consider the real line R. Clearly the uniformity generated by the 
usual metric d on R is a quasi-uniformity on R. There are plenty of real-valued continuous 


functions on R which are not uniformly continuous. So the functor F cannot be full in general. 


Theorem 5.10. F* : OU* — Top described by 


(X, Oy) > (X, Ty) 


f | [rn =F 
(Œ Qy) e> (X ty) 
is a faithful, but not a full functor, where ty = ™(Qy), Ty = t(Qy). 
Proof. The proof is same as that of the previous one. | 


Theorem 5.11. G : Top > OU described by 


(X Ty) re X Ay) 


pwns 


(E ty) > (E Pty) 


is a fully faithful functor, where P(t) and P(t ,) are the Pervin's quasi-uniformities, generated 
by ty and 1, respectively. 
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Proof. The proof follows from Theorems 5.2 and 5.3. 


Theorem 5.12. G* : Top > QU* described by 


(X 7 y) H> (X, P(T y) 


‚| [=r 
(E ty) > (E PCy) 


is a fully faithful functor, where P(ty) and P(ty) are the Pervin's quasi-uniformities, generated 
by ty and ty respectively. 


Proof. The proof is similar to that of the above Theorem. 


Theorem 5.13. /: QU ~ Cov described by 


(X Oy) b> (X Gy) 


2 Iron =f 
(Y Qy) > Œ @y) 


is a fully faithful functor, where €, and €, are the collections of strong quasi-uniform covers 
of X and Y respectively. N 


Proof. It follows easily from Theorem 3.10. 


Theorem 5.14. J : Cov > QU described by 


X Ere A AWE) 


A let 


is a fully faithful functor, where O(€@,) and O(€,) are the quasi-uniformities, generated by 
€, and €, respectively, 
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Proof. Follows from Theorems 3.7 and 3.10. 
Theorem 5.15. Let us consider the following two categories : 
I* : OU* > Cov described by 


(X, Oy) > (X Gy) 


tte 
(£ Qy) > (E €) 


where €, and &, are the collections of strong quasi-uniform covers of X and Y respectively. 


and 


J* Cov > QU* described by 


(XE) re Œ AC) 


f | Iron =). 
E C) e E AS) 
where O(@,) and Q(@,) are the quasi-uniformities, generated by €, and €, respectively. 


Then both I* and J* are isomorphisms and each is the inverse of the other. 


Proof. It follows immediately from Theorems 3.7 and 3.10. 
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IMPROVED MAC BASED DIFFERENTIAL FAULT 
ANALYSIS OF GRAIN-128a 


PRAKASH DEY AND AVISHEK ADHIKARI* 


ABSTRACT : Differential Fault Attack (DFA) on stream ciphers is an active field of research. However, 
only two differential fault attacks were reported on Grain-128a so far. Moreover, among these two, only 
the scheme proposed in Banik et al. [3] targeted the cipher with MACs corresponding to the massages 
chosen by the adversary. But the attack strategy of [3] required huge number of fault injections and 
invocations of MAC generation routines. To be specific, it required less than 2!! fault injections and 
invocations of less than 2!? MAC generation routines. In this current paper we propose an efficient MAC 
based DFA on Grain-128a. To the best of our knowledge, the proposed paper, for the first time shows 
that under certain situations the MAC generation mechanism of Grain-128a reveals all suppressed pre- 
output bits. Once the suppressed pre-output bits are obtained by the adversary, SAT solvers are used 
to obtain the secret key. Our proposed attack is achieved just by observing the correct and faulty MACs 
of certain chosen messages (MAC for empty message is not required) with no more than 55 fault injections 
and no more than 60 re-keying (invoking MAC generation routine each time) of the cipher device. This 
is a significant improvement over [3]. Moreover, by allowing random unknown single bit faults at both 
the LFSR and the NFSR, we relax the fault model as considered in [3]. 


Keywords : Stream Cipher, Differential Fault Attack, MAC, Grain-128a, SAT Solver. 


1. INTRODUCTION 


Grain-128a [2] is the successor of Grain-128 in the Grain family of ciphers. It has low gate 
count, a low power consumption and a small chip area. Authors of Grain-128a also claimed 
that Grain-128a offers better scurity than any existing 128 bit cipher with the added possibility 
of authentication. Further after the publication of Grain-128a, the eSTREAM finalist Grain- 
128 was no longer recommended. Mode of operation (i.e., whether authentication is mandatory 
or not) of Grain-128a depends on the first bit of the IV. Up to now, only two DFAs ([3] and 
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[11]) were proposed on Grain-128a. In the DFA model, faults are injected into the internal 
state of the cipher and from the difference of the normal and the faulty outputs, information 
about the internal state is partially or completely deduced [6], [4], [5], [10], [11], [8], [7], 
[9]. Faults can be injected in a register by under-powring and power spike, clock glitch, 
temperature attack, optical attack, electromagnetic (EM) fault injection, etc. Effect of the first 
three methods can hardly be focused to a particular part of the device. On the other hand, 
optical and EM methods can affect a very restricted area. Banik et al. [3] proposed a DFA 
on Grain-128a that recovers the secret key using MACs. It requires less than 2!! fault injections 
and invocations of less than 21? MAC generation routines. Also it was assumed that the cipher 
device can be re-keyed with the original key-IV or the original key and different IVs. Sarkar 
et al. [11] proposed a DFA on Grain-128a in which normal (fault free) and faulty keystreams 
(due to single bit faults) were used to recover the key-IV (and requires 10 faults). It was assumed 
that the cipher device can be re-keyed with the same key-IV. This paper proposes a DFA on 
Grain-128a using MACs only and assuming that the cipher device can be re-keyed with the 
same key-IV. In this case our attack strategy recovers the secret key and IV with no more 
than 55 faults and no more than 60 MAC generation calls. 


2. DESCRIPTION OF GRAIN-128a 


The Grain-128a [1, 2] cipher consists of a 128-bit non-linear feedback shift register (NFSR) 
Xand a 128-bit linear feedback shift register (LFSR) Y. The NFSR and LFSR together represent 
the internal state of the cipher. 


At round i (2 —256), the internal state S, of the Grain-128a cipher is given by, 


Sp = (900514127 den; 
mm m nt 
X, 


i 


where X, = (%, =o X, 4 127) and Y, = (y, .... Y, + 127) respectively denote the inner states 
of X and F. 


Key Loading algorithm (KLA). The 128-bit secret key (ky ..., kız) and 96-bit IV 
(IV), .., Vos) are used to initialize the initial state (at round i = —256) as follows: 
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S256 = (Řos---» K127 a= IVos, Eis l, 0). 
Senet, nn Te —— 
X Y . 
Key scheduling Algorithm (KSA). During rounds i = —256 to —1 (called the KSA rounds), 
the registers X and Y are respectively updated by x128 = 2, + AX, Y) and y 128 = 2, + (Y) 


where, 


RX, Y) = y, t xX + Xaa + Risse + M491 + Xaos + XH3% 467 + X FX 417% 18 
+ Xo sg + Xagotyag © Fetes T XHestae4 T Tggtso2% 493% 4905 T FH22%H24% 105 T 


Kr 478% 4-82? 
BY) = y, + Vag + Yig + Yio + Yagi T V496 


and z, = A(X, Y) is given by, 


WX, Y) = Xua + Mars + Kurse + Mas + Xuga T Xun + Hrsg T Ynos + ZH12%9s¥ od 
Pers © Yria T XH95Veng2 © Yooo: 

Here AX, Y), g(¥,) and A(X, Y) are respectively called the update function of NFSR, 
the update function of LFSR and the pre-output function. The bit z, is called the pre-output 
bit generated at the round i During KSA rounds i = —256 to —1, the pre-output bit is fed 
back and XOR-ed with the input, both to the NFSR and to the LFSR. This pseudo-randomizes 


the internal state. 


Pseudo-Random keystream Generation Algorithm (PRGA). After the KSA, in the PRGA 
rounds (i 2 Q), the pre-output bits are no longer XORed to the inputs of NFSR or LFSR and 
the registers X and Y are respectively updated by x,,,5. = AX, Y) and y,.192 = g(Y). The pre- 
output stream z produced at the PRGA rounds is Z}, Z}, Z» ... and is used for keystream and 
MAC generation (optional). 

Modes of Operation. Grain-128a supports two different modes of operation: with and without 


authentication. Authentication is mandatroy when JV, = 1, and forbidden when JV, = 0. . 


Keystream Generation. With JV, = 0, the output function is defined as simply w, = z, (/2 0), 
meaning all the pre-output bits zp, z,, Z» ... are used directly as keystream. With ZV} = 1, the 


output function is defined as w, = Z¢,,5, (i 2 0), meaning that the cipher picks every second 
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bit as output of the cipher after skipping the first 64 bits. Those 64 initial bits and the other 
half will be used for authentication. In either case wo, Wi, Wa, ... represents the generated 
keystream. When JV, = 1, the pre-output bits Zp, ..., Zę3 and Zes» 2675 Zgg ... are all suppressed. 
This pre-out stream Zp, ..., Zg and then 244, 247, Zgg ... Will be denoted by (zy «.., 263) || (2655 
Z67, Zgg ...) and will be called the suppressed keystream. We will denote the suppressed pre- 


output bits by (so, Sp 55, ..) where s, = z, for 0 < i S 63 and s, = Z,.,,, for i 2 0. 
Thus we are considering three bit-streams, namely 
1. the pre-output stream z = (Zp, Zp Z% =) 
2. the normal keystream w = (Wo, Wi; W» ..) and 
3. the suppressed keystream s = (Sp, Sp So, +): 


MAC Generation Algorithm (MGA). We assume a message of length Z defined by the bits 
Mo, +5 M,_,. In this case m, = 1 must be used as a padding. In order to provide authentication, 


two registers called the accumulator and the shift register of size 32 bits each, are used. The 


content of the accumulator at time ¢ is denoted by ap, es a? | The content of the shift register 


is denoted by r, ..., F31 The accumulator is initialized through ag =z,0sj<3l, and 


the shift register is initialized through r, = z,,,, 0 S ¢ < 31. The shift register is updated as 


* 


432 = 26549 The accumulator is updated as a/,, = aj + my, + for0 $j S31 and 0 <t 


< L. The final content of the accumulator, (a? 3% a i: is used for authentication. 


Remark. One should note that, the stream (Zo, ..... 231, “9, "i> 7s =) is identical with the 
suppressed keystream (sy, 51, 5, ...) and al a Spr ane j for 0 sjs 31. We denote 
the message mp, .... m,_, simply by msg = m, ... m,_, and the generated MAC corresponding 
‘to the message simply by o(msg) = (a? sa Dia The empty message will be denoted 


by ọ. Throughout the paper we shall now assume that JV, = 1 i.e., authentication is 
mandatory. 
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3. PROPOSED ATTACK ON GRAIN-128a : ATTACK MODEL, 
TOOLS AND DEFINITIONS 


Notations. We shall use the following notations: 


1. 
2: 


The empty set will be denoted by ø. 


For any two integers a and b, we denote the set {x : x is an integer with 
asx < b} simply by [a b]. 


The i-th element u, of any vector u = (up, ..., us) of length p will be denoted 
by u(i), Vi e [0, p — 1). 


For any two vectors u = (up, ..., uy 1) and v = (Yp -s Va) e {0, 1}? of equal 
length, we denote u + v = (u + Vp, =» u, t Vp 1) 


For any vector u = (up, »., u, 1) e {0, 1}? and any bit b e {0, 1} we denote 


bu = (buy ..., bu). Also We denote lu simply by u. 


For any two vectors u = (up, ..., u, 1) and v = (Vp, «+ vi) € {0, 137, we denote 


uv = (Up, ---; Unis Vor vs v1): Thus || represents the concatenation operator. 


Fault Location. A single bit fault flips a register bit value. We assume that all faults are injected 


at the beginning of the PRGA round 0. If a fault flips a register bit value then its position 


will be called as the fault location. 


Attack model. In this paper we assume that the adversary is given access to an Oracle 


which possesses the unknown key and IV. The adversary queries the Oracle for the following 


information: 


l. 


MACs O(msgp), «+5 O(msg,,_) corresponding to the p messages msgp, ..., msg, 
chosen by the adversary, all generated by the normal (fault free) pre-output 


stream zZ. 


MACs of(msg,), .... of(msg, |) corresponding to the same p messages msgy, ..., 
msg, 1» all generated by the faulty pre-output stream z?, for m (chosen by the 
adversary) fault locations 6 € {by -> >,,.,}, where the m distinct fault locations 
Dp -> Op- are chosen by the Oracle and are not given to the adversary. 
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In this case, m (chosen by the adversary) register locations are needed to disturb. A total 
mp number of faults are required to be injected and total (m + 1)p re-keying are needed. The 
adversary only has o(msgy), ..., O(msg,_) and o°(msgy), a of(msg,, 1), Vo e {by «5 
On} for the messages msgp, ..., mS, chosen by the adversary. Note that 9, ..., >,,; are 


not known to the adversary. In this paper we want to minimize mp. 


Attack strategy in a nutshell: With the information obtained from the Oracle, the adversary 
first finds the suppressed keystream bits by solving some algebraic equations, then identifies 
the fault locations @,,..., >,,_,. After that the adversary passes the available information to the 
SAT solver in SAGE and extracts the fault free internal state at round i= 0. Now by iterating 
backwards the key-IV can be recovered. 


4. SUPPRESSED KEYSTREAM DETERMINATION 


We now agree to denote the A-bit message 0....9 simply by 0,. 
k 


Let us consider the 4 messages 1, 0, 0, and 0,4. Note that the corresponding MACs 


are available to the adversary. 
One should note that, 
O(1) = (Zg + ro + Fis z E ri + Pa en Zgo + Pag + Pap 23, + rag + 759); 
O(0) = (2g + Fa Zi + Pgs =a Z309 + rap 251 tra) 
O(035) = (Z9 + 3a +> 231 + Tea) 
0) = (Zo + Tegs =» 231 + Fos) 
Thus o(1) and o(0) give r} .... 73, and from o(0) we obtain Zp, ..., 24. 
Again from o(0,,) and o(0) we obtain z,, and Fap, ..., Fez 
Similarly o(0,,) and G(09¢) give eq, +, 7177 


Thus we have Zp, ..., 231, Tg: =» Tj97 b€, we have the suppressed keystream bits 
(Zo ++ 263) II(Z652 2679 Zego ++» Z255). And these bits are obtained without using the empty message 9. 
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The suppressed keystream bits for higher PRGA rounds (in a chunk of 32) could be 
obtained by observing the MACs of 0,,, for L > 2 iteratively. 


5. FAULT SIGNATURE 
Let for some fixed key-IV, (sp, ..., 5,_,) be the suppressed keystream of length n. Let us consider 


a fault location 6. Let ($ T s) be the faulty suppressed keystream of length n under the 


fault at location 6. 


In this case the bitwise XOR difference of the normal and faulty suppressed keystreams 
will be called the XOR differential suppressed keystream of length n and will be denoted by 


avin = (dt... dey): 
We now define the following sets, 


sig, = {ie [0, n - 1]: Prfa¥ 


il 
Il 
= 


sigh = {ie [0,n - 1]: Prd = 


| 
= 
as 
u 
pn 


sigg = {{i j}: 4, j € [0, n- 1] and Pr[aY + df = 0] = 1} 


| 
ya 
tia 

I 
prmach 
ae nd 


sig = {{i j}: ije (0, n- 1] and Pr[g¥ + dy = 


In this case sig, = (sigs, sigl, sigy , sigh ) will be called the signature of the fault location 
and mathematically represents the occurrence of some certain events under the fault . One 


could use large number of experiments in order to compute the fault signatures. 


6. FAULT LOCATION IDENTIFICATION 


Let at the online stage, a single bit fault is injected at an unknown location y. The adversary 


will use the following instruction for detecting fault location: 


Obtain the XOR differential suppressed keystream "= (dy ,...,d¥ 1). 
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Compute, support! = {ie [0, n- 1]: dY = J}. 

Compute, support? = {i [0, n — 1] : d¥ = 0}. 

Compute, pf! = {d : de [0, 255] and sigh © support!}. 

Compute, pf° = {o e pf! : sigh c support}. 

Compute, pf = {de pf’ : sigy +0 and {i, j} € sigg a =d} } U {ġe pf’: sigy =0}. 
Compute, pf* = {be nf”: sigg #0 and {i,j} e sig, >d +d} =l}U{de pf”: sigg #0}. 


Define, pf = pf*. 


The basic idea is to check whether the pre-computed pattern (signature) of a fault location 
occurs in the XOR differential suppressed keystream. If the pattern due to a fault location 
occurs in the XOR differential suppressed keystream, then it is a possible fault location, 
otherwise we reject it. It should be noted that from the construction it immediately follows 


that the actual fault location y €e pf. Now if pf is singleton then, y is uniquely determined. 


Experimental Result. In 22° trials, we generated key-IV randomly and simulated the injection 
of random single bit faults to the internal state at PRGA round 0. Experimental results show 
that, by considering the first 256 PRGA rounds, the fault location could be identified uniquely 
with a probability of 0.8. 


7. STATE RECOVERY USING SAT SOLVERS 


The adversary wishes to recover the internal state of the cipher at the PGRA round 0 and 
starts with the following information: 


1. m fault locations, given by B = (o dp -s Ọm-1)- 
2. normal (fault free) suppressed keystream s = (5p, ..., 5, _,) Of length n. 


3. m faulty keystreams 5°, ..., s"-! each of length n, where s is the faulty suppressed 
keystream due the fault 9. 
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Let the fault free internal state at the PRGA round i (2 0) be S, = (X, Y) where 
X, = (Xp vr X127) and Y, = (Yp -> Yrya7), the internal state at PRGA round 0 being 
Sq = (Xs «+» %127> Yop = Yı27)- We treat each x, and y, as variables and consider the PRGA 
rounds 0, ..., k. Corresponding to each pre-output bit z, we introduce two new variables 
X123 (i 2 0) and obtain the following two equations: x128 = AX, Pr Y12838 = g8). We 


also consider the equation z, = A(X, Y,) when z, is a suppressed keystream bit. 


Let us now consider the fault location >. Since the cipher device is re-keyed before 


each fault injection, after the fault injection, if the faulty internal state at PRGA round 7 be 


si then at the targeted fault injection PRGA round 0 we have, Sg (e) = se) + 1, 
Ve € 6, and sg (e) = Sole), Ve e [0, 255] \ {6,}. Again corresponding to each pre-output 
bit z, we introduce two new variables 1583 aren (i 2 0) and obtain three more equations. 


Now the system of polynomial equations are simply passed on to the SAT solver in SAGE 
for extracting solution for the variables Xp, ..., X137 Yos =» Yj97- Now by reversing backwards 


the secret key could be recovered. 


Experimental results (a total of 100 experiments) show that, for m = 11, k= 255 (MACs 
corresponding to the messages 1, 0, 0,5, 0,, and 0,,) the state could be recovered with 


probability 1.0 in an average time of 84.36 seconds. 


8. CONCLUSION 


In this current paper we propose an efficient MAC based DFA on Grain-128a. To the best 
of our knowledge, the proposed paper, for the first time, shows that under certain situations 
the MAC generation mechanism of Grain-128a reveals all suppressed pre-output bits. Once 
the suppressed pre-output bits are obtained by the adversary, SAT solvers are used to obtain 
the secret key. Our proposed attack is achieved just by observing the correct and faulty MACs 
of certain chosen messages (MAC for empty message is not requred) with no more than 55 
fault injections and no more than 60 re-keying (invoking MAC generation routine each time) 


of the cipher device. This is a significant improvement over [3]. 


Na 
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ON SEPARATION AXIOMS WEAKER AND STRONGER 
THAN REGULARITY AND NORMALITY VIA GRILLS 


DHANANJOY MANDAL 


ABSTRACT : In this paper, a few types of separation axioms for topological spaces are introduced 
and studied in terms of grills; of these, one class is contained in and another contains the class of regular 
spaces. Two other types, one being weaker and another stronger than normality, are also defined and 
investigated along similar line. 


Key words : Grill, topology Tp g-g-closed sets, g-g-regular, G-g-normal. 
AMS Subject Classification. 04A05, 54A10, 54D10, 54D15. 


1. INTRODUCTION AND PRELIMINARIES 


Different neighbouring forms of standard separation properties like regularity and normality, 
are being studied with interest for a long time. Munshi in [7] studied two kinds of separation 
axioms, called g-regularity and g-normality, stronger than regularity and normality respectively. 
Our intention in this paper is to follow the idea of Munshi towards introduction of some other 


separation properties by use of the concept of grills. 


In 1947, the idea of grill was first introduced by Choquet [2], a detailed study of which 
. was sbsequently undertaken by Thron [13] and many others. The definition of grill on a 
topological space X as given by Choquet [2], goes as follows: 


Definition 1.1. [2] A nonempty collection g of nonempty subsets of a topological space X 

is called a grill if 

)4e gadAcBcX>Be g,and (i) 4, BoXandAUBE g>Ae gor Beg. 
For a grill g on a topological space (X, t), Roy and Mukherjee [11] defined an operator 


P from the power set P(X) to P(X) in the following way : For any 4 c X, , ®(4) = 
{xe X: UmAe g for every open set U containing x}. It was also shown in [11] that 
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the map ¥ : P(X) > P(X), given by Y(4) = A u ®(A) (for A & X), is a Kuratowski closure 
operator giving rise to a topology Tg (say) on X, finer than t. Thus a subset A of X is 
T grelosed if P(A) = A or equivalently if ®(A) ¢ A. A topological space endowed with a grill 
g on X, denote by (X, 1, g) will be called a grill topological space. 


In this paper we introduce and study certain types of separation axioms, termed 
g-g-regular, g-g-regular, ¢-g-normal and g-G-normal spaces by using ¢g-open sets introduced 
in [5] and obtain some characterizations of these spaces. Also we obtain some preservation 


theorems for ¢-g-regular and g-g-normal spaces in Section 4. 


In what follows, by a space X we shall mean a topological space (X, 7). For any 
Ac X, int(A) and cl(A) will respectively stand for the interior and closure of A in (X, 7). 
Again, T gela) and T gint(A) will respectively mean the closure and interior of A in (X, T g 
Similarly, whenever we say that a subset A of a space X is open (or closed) in X, these are 
meant to be so in (X, T). For open and closed sets with respect to any other topology on X 
e.g. Tp We shall write ‘t gopen’ and ‘t gelosed’. A subset A of a space (X, 7) is said to be 
preopen [6] (a-open [8]) if A œ int(cl(4)) (resp. A < int(el(int(A))). The family of all a-open 
sets in (X, t), denoted by 1%, is known to be a topology on X finer than +, and the closure 
of A in (X, t*) is denoted by a-cl(4). We now recall a few definitions and results as prerequisites. ' 


Definition 1.2. A subset A of a space (X, 7) is said to be g-closed [3] (ag-closed [4]) if cl(A) 
c U (resp. a-cl(A) c U) whenever AG U and U is open. The complement of a g-closed (ag- 
closed) set is called a g-open (resp. an ag-open) set. 


Definition 1.3.[7] A space (X, 1) is said to be g-regular if for each x e X and each g-closed 
set F with x ¢ F there exist disjoint open sets U and V such that x e U and Fg F. 


Definition 1.4.[7] A space (X, t) is said to be g-normal if for each pair of disjoint g-closed 
sets F and X, there exist disjoint open sets U and V such that F œ U and K g PV. 


Let us now define a space (X, t) to be ag-normal if for each pair of disjoint ag-closed 
sets F and K, there exist disjoint open sets U and V such that F c U and K g F. 


Theorem 1.5.[5] Let g be a grill on a space (X, t) such that POCX)\{O} & g. Then 
tS 7%, where PO(X) denotes the collection of all preopen sets in (X, 7). 
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Definition 1.6.[5] Let (X, t) be a topological space and g be a grill on X. Then a subset 4 
of X is said to be g-closed with respect to the grill g (g-g-closed, for short) if D(A) c U 


whenever A c U and U is open in X. 
A subset A of X is said to be ¢g-open if X \ 4 is g-g-closed. 


Theorem 1.7.[5] Let (X, t) be a topological space and g be a grill on X. Then for a subset 
A of X, the following are equivalent: 


(a) A is g-g-closed. 

(b) T gel) Cc U whenever A c U and U is open. 

(c) For all x € 1 gel), cl({x}) A A # O. 

(d) 7 ge) \ 4 contains no nonempty closed set of (X, 7). 
(e) (A)\A contains no nonempty closed set of (X, 7). 


Corresponding to any nonempty subset A of X, a typical grill [A] on X was defined in 
[12] in the following manner. 


Definition 1.8. Let X be a space and (6 +) A œ X. Then 
[AJ={BcCX:ANB# OO} 
is a grill on X, called the principal grill generated by A. 


Remark 1.9. It is shown in [5] that a g-closed set is g-g-closed but not conversely. However, 
in the case of principal grill [X] generated by X, it is known [12] that t = Typ SO that any 


[X]-g-closed set becomes simply a g-closed set and vice-versa. 


Theorem 1.10.[5] Let (X 1) be a topological space and A œ X. Then tg, = 1% and hence 


a subset A of X is g,-g-closed iff A is ag-closed where g; is the grill on X given by 
9 = {4 CX: int(cl(4)) # 6}. 


Theorem 1.11. [5] Let g be a grill on a space (X, 7). Then A (q X) is g-g-open iff 
For gint(4) whenever F ¢ A and F is closed. 


Theorem 1.12.[5] For any grill g on a space (X, 1) the following are equivalent: 
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(a) Every subset of X is g-g-closed. 


(b) Every open subset of (X, T) is T g closed. 


2. g-g-REGULAR AND g-G-REGULAR SPACES 


Definition 2.1. Let (X, 1) be a topological space and g be a grill on X. Then (X, 7) is said 
to be g-g-regular if for each x € X and each g-g-closed set F with x ¢ F, there exist disjoint 
open sets U and V such that x e U and Fc V. 


Remarks 2.2. Since every closed set is g-g-closed for any grill g on X, every g-g-regular 


space is regular. But the converse is false as is shown by the following example. 


Example 2.3. Let X = {a, b, c} and t = {0, {a}, {b, c}, X}. Then (X, 7) is regular space 
but it is not g-g-regular for any grill g on X. In fact, for any grill g on X, F = {b} is 
G-g-closed and c ¢ F, but there are no disjoint open sets which contain c and F. 


Remark 2.4. In the case of principal grill [X] generated by X, it is obvious that any [X]-g- 


regular space becomes simply a g-regular space and conversely (refer to Remark 1.9). 
Theorem 2.5. Let g be a grill on a space (X, 1). Then the following are equivalent : 
(a) (X, t) is ¢g-regular. 


(b) For each x e X and each ¢g-open set U containing x, there exists an open set 
V in X such that x e Vg A c U. 


(c) For each x e X and each g-g-closed set with x ¢ F, there exist disjoint open sets 
U and V such that xe U and T gl) © r. 


(d) For each ¢g-closed set F and each point x e X \ F, there exist open sets U and 
V of X such that x e U, F & V and ch(U) ^ cP) = ẹ. 


Proof. (a) > (b) : For a given x e X, let Ube any g-g-open set containing x. Then by hypothesis, 
there exist disjoint open sets V and W such that x e F and X\ Ug W.Now Vn W=6 
> Ac X\ W g U. Thusxe Vg eaga U. 


(b) > (a): Let x e X and F be a g-g-closed set with x ¢ F. Then x e X \ F and so by 


r 
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(a), there exists an open set V such that xe Vc cP a X\ F. Put W = X \ ci(V). Then 
V and Ware disjoint open sets such that x e FV, F ¢ W. Hence (X, 7) is a Gg-regular space. 


(a) > (c) : Let xe X and F be a g-g-closed set not containing x. Then by (a), there exist 
disjoint open sets U and V in X such that x e U and F c FV. Since F is g-g-closed, 
OF) c V ie, tgel(F) c V. 


(c) > (d) : Let xe X and F be a g-g-closed set not containing x. Then by (c), there exist 
disjoint open sets W and F such that x e W and t gl) g F. Also we have cl(V) n 
W = 6. Now clI(V) is g-g-closed and x ¢ cl(V). Then again by (c), there exist open sets G 
and H in X such that x e G tge) c H and Gon H= ọġ ie, xe G, cl(V) c Hand 
G N H = 6 and hence cl(G) ^ H = 9. Now put U = W NG, then U and F are open subsets 
of X such that xe U, Fa V and ch(U) A clM = 9. 


(d = (a) : It is clear. 


If we take g = [X] in the above theorem, then by using Remarks 1.9 and 2.4, we have 
the following result of Noiri and Popa [10]. 


Corollary 2.6. For the topological space (X, t), the following are equivalent : 
(a) (X, T) is g-regular. 


(b) For each x e X and each g-open set U containing x, there exists an open set V in 
X such tht xe Vg Ag U. 


(c) For each x e X and each g-closed set with x ¢ F, there exist disjoint open sets 
U and V such that x e U and cl(F) g F. 


(d) For each g-closed set F and each point x € X \ F, there exist open sets U and V 
of X such that xe U, Fo FV and cl(U) A cl(/) = 9. 


We now define another type of separation axiom in grill topological spaces as follows: 


Definition 2.7. Let g be a grill on a space (X, t). Then (X, 7) is said to be g-g-regular if 
for each point x e X and for each closed set F with x ¢ F there exist disjoint g-g-open sets 
U and V such that x e U and Fc F. 
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Remark 2.8. It is easy to see that the following implication diagram holds : 


g-g-regularity = g-regularity = regularity > g-g-regularity. 

We show below that a g-Gregular space need not be regular, and hence neither g-regular nor 
g-g-regular. 

Example 2.9. Consider a grill g = {{b}, {a, b}, {b, c}, X} on a space (X, 1) where 
X= {a, b, c} and t = {0, {a}, {a, b}, {a, c}, X}. It is easy to see that (X, 7) is not regular 
but it is g-Gregular. In fact, D({a}) = 6, (la, b}) = {b}, O({a, c}) = db. Thus every open 
set is closed and so by Theorem 1.12, every subset of X is g-g-closed and hence every 
subset of X is g-g-open. Hence (X, T) is g-Gregular. 


Theorem 2.10. Let g be a grill on a space (X, 1). Then the following are equivalent : 
(a) X is g-g regular. 


(b) For each open set V containing x e X, there exists an open set U such that x e 
Uc tgckU) c Y. 


Proof. (a) > (b) : Let V be any open set in (X, T) containing a point x of X. Then by hypothesis, 
there exist disjoint g-g-open sets U and W such that x e U and X \ V qœ W. Since W is 
gg open and X \ V ¢ W with X \ F closed, we have by Theorem 1.11, X¥\V¢ T -int(W). 
Now Un W=0> Un tint(W) = 6 => Tycl(U) a X\ t-int(W) c V. Thus x € 
Vet geld) om F. 


(b) > (a) : Let F be a closed set in X not containing x € X. Then by hypothesis, there 
exists a @g-open set U such that x e Uc ti cl(U) c X\F. Put V = X\ t;-cl(U). Then 
U and F are disjoint g-g-open sets such that x e U and F ¢ FV. Hence (X, t) is a g-Gregular 


space. 
Let us now recall the following result from [5]. 


Theorem 2.11. Let g be a grill on a T,-space (X, 1) such that PO(X) \ {9} c g. Then the 


following are equivalent : 


(a) X is regular. 
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(b) For each closed set F and each x e X \ F, there exist disjoint G-g-open sets U and 
V such that xe U and Fg F. 


(c) For each open set V in (X, t) and each point x e V, there exists a g-g-open set 
U such that x e U œ tgel(U) g F. 


Combining Theorems 2.10 and 2.11, we get the following result: 


Corollary 2.12. Let g be a grill on a 7,-space (X, 1) such that PO(X) \ {0} a g. Then 
(X, t) is g-Gregular iff it is regular. 


3. g-g-NORMAL AND g-g-NORMAL SPACES 


As in the last section, we introduce here two variant forms of normality, one being stronger 


and another weaker than normality. 


Definition 3.1. Let g be a grill on a space (X, 7). Then (X, 7) is said to be g-g-normal if 
for each pair of disjoint g-g-closed sets F and K, there exist disjoint open sets U and V in 
X such that F cUand Ke FV. 


Remark 3.2. Since every closed set is g-g-closed for any grill g on X, every g-g-normal space 


in normal. But the converse is false as is shown by the following example. 


Example 3.3. Consider a grill g = {{a}, {a, b}, {a, c}, {a d}, {a, b, c}, {a, b, d}, 
{a, c, d}, X} on a topological space (X, t) where X = {a, b, c, d}, t = {0, {b}, X}, Then 
(X, T) is normal but is not g-g-normal. In fact, every open subset of X is T gclosed and hence 
by Theorem 1.12 every subset of X is g-g-closed. Now F = {a, d}, K = {b, c} are disjoint 
g-g-closed sets, but they cannot be separated by disjoint open sets in X. 


Theorem 3.4. Let g be a grill on a space (X, 1). Then (X, t) is @g-normal iff for each 
g-g-closed set F and each ¢g-open set U containing F, there exists an open set V in X such 
that Fo Va Aoa U. 


Proof. The straightforward proof is omitted. 


If the principal grill [X] takes the role of g in the above theorem, then we obtain the 


following characterizations of a g-normal space. 
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Corollary 3.5. A topological space (X, 7) is g-normal iff for each g-closed set F and for any 
g-open set U containing F, there exists an open set V of X such that FC Vc AP ¢ U. 


Theorem 3.6. The following are equivalent for a grill topological space (X, 1, g): 
(a) X is g-g-normal. 


(b) For each pair of disjoint g-g-closed sets F and K, there exists an open set U in X 
containing F such that cl(U) N X = 9. 


(c) For each pair of disjoint g-g-closed sets F and X, there exist open sets U and V 
in X such that Fc U, Ka V and cl(U) ^a ciM = ò. 


Proof. (a) > (b) : Let F and K be two disjoint gg-closed sets. Then by Theorem 3.4, there 
exists an open set U such that F œ Uc cU) a X \ K Thus for the open set U we have, 
Fc U and ch(U) nN K = 6. 


(b) > (c) : Let F and K be two disjoint g-g-closed sets. Then by (b), there exists an 
open set U in X such that F œ U and c(U)n K = 6. Again, since K and cl(U) are disjoint 
g-g-closed sets, by hypothesis there exists an open set V such that K œ V and cl(U) A cV) 


= 6. 
(c) = (a) : Obvious. 


If in the above theorem, we take g = [X], then by using Remark 1.9, we arrive at the 


following known result (viz Theorem 4.1 of Noiri and Popa [10]). 
Corollary 3.7. For a topological space X, the following are equivalent : 
(a) X is g-normal. 


(b) For each pair of disjoint g-closed sets F and K, there exists an open set U in X 
containing F such that cl(U) A K = 9. 


(c) For each pair of disjoint g-closed sets F and K, there exist open sets U and V in 
X such that F c U, K œ V and AU) A AP) = 9. 


If we set g = g; in Theorem 3.6, we get the following result. 


Corollary 3.8. For a topological space X, the following are equivalent : 
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(a) X is ag-normal. 


(b) For each pair of disjoint ag-closed sets F and X, there exists an open set U in X 
containing F such that c(Yn K = 9. 


(c) For each pair of disjoint ag-closed sets F and X, there exist open sets U and V in 
X such that Fc U, Ka V and cl(U) Ao AN = 9. 


Theorem 3.9. Let g be a grill on a space (X, t). If F and K are disjoint g-g-closed sets of 
a g-g-normal space (X, T), then there exist disjoint open sets U and V in X such that t-cl(F’) 
C U, Tzel(K) c F. 


Proof. Let F and X be two disjoint g-g-closed sets of a g-g-normal space (X, 1). Then there 
exist disjoint open sets U and V such that F œ U and K g F. Since F is g-g-closed and F 
G U, t cl(F) c U. Similarly, tzel(d) c F. 


Theorem 3.10. Let g be a grill on a g-g-normal space (X, 7). If F is a g-g-closed set and 
V be a g-g-open set in X such that F ¢ V, then there exists an open set U in X such that 
Fc tT -cl(F) ae bax tT -int(V) er. 


Proof. Since F and X \ Fare disjoint g-g-closed sets of a g-g -normal space (X, 7), by Theorem 
3.9, there exist disjoint open sets U and W such that 7 gel) c Uandt gel \N)EMW. 
Now UG X\We t -int(V) c F. Thus Fg tT cl(F) cUg tT -int(V) GV. 


If we set g = [X] in the above theorem, we have the following result. 


Corollary 3.11. Let (X, 7) be a g-normal space. If F is a g-closed set and F a g-open set 
containing F, then there exists an open set U in X such that F g cd g Uc int(V) c FV. 


Definition 3.12. Let g be a grill on a space (X, r). Then (X, T) is said to be g-gnormal if 
for each pair of disjoint closed sets F and X, there exist disjoint g-g-open sets U and F such 
that F c U and Kc F. 


Remark 3.13. Since every open set is g-g-open for any grill g on X, every normal space is 


g-g-normal. That the converse is false is shown by the following example. 


Example 3.14. Consider the grill g = {{b}, {a, b}, {b, c}, X} on the topological space (X, 1) 
where X = {a, b, c}, t = {0, {a}, {a, b}, {a, c}, X}. Then (X, 7) is clearly not normal. But 
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(X, t) is g-g-normal. In fact, ®({a}) = 6, O(a, b}) = {b} and @({a, c}) = b. Thus every 
open set of X is 7 gelosed and hence by Theorem 1.12, every subset of X is g-g-closed and 
so every subset of X is g-g-open. 


Theorem 3.15. Let g be a grill on a space (X, 1). Then the following are equivalent: 
(a) X is g-g-normal. 


(b) For each closed set F and each open set V containing F, there exists a G-g-open 
set U such that Fo UC tgel(U) V. 


Proof. (a) > (b) : Let F be a closed set and V be an open set such that F gc V. Then by 
(a), there exist disjoint g-g-open sets U and W such that F œ U and X\ V g W. Now U 
VF =o UN t-int(W) => => Tell) cÄäÄ\ tz int). Since X \ V ¢ W where W is 
G-g-open, by Theorem 1.11, X\V¢ t-int(W). Thus Fc Uc t-cl(U) gc X\ t-int( W) G F. 


(b) > (a) : Let F and K be any two disjoint closed subsets of X. Then by (b), there 
exists a g-g-open set U such that FG UC tcl(U) c X \ K. Put V = X \ tgcI(U). Then 
U and V are disjoint g-g-open sets such that F œ U and K & V. Hence (X, 7) is g-g-normal. 


In [5], the following theorem was deduced: 


Theorem 3.16. Let g be such a grill on a space (X, T) that POCX)\{o} < g. Then the following 


are equivalent: 
(a) X is normal. 


(b) For each pair of disjoint closed sets F and K, there exist disjoint g-g-open sets U 
and V such that F œg U and K c V. 


(c) For each closed set F and any open set V containing F, there is a g-g-open set U 
such tht Fc Ug T-cl(U) G F. 


Now from Theorem 3.15 and Theorem 3.16, we get the following result : 


Corollary 3.17. Let g be a grill on a space (X, t) such that PO(X) \ {6} < g. Then (X, 7) 


is g-g-normal iff (X, t) is normal. 


Theorem 3.18. Let g be a grill on a space (X, t). Let F be closed and X be g-closed in a 
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g-g-normal space (X, T) such that F ^ K = $. Then there exist disjoint g-g-open sets U and 
F such that cl(K) œ U and Fg FV. 


Proof. Let F be closed and K be a g-closed set in a g-g-normal space X such that Fn K=9. 
Since K is g-closed, cl(K) c X \ F, again since X is g-gġnormal and cl(X) © F = 4, there 
exist disjoint g-g-open sets U and F such that cl(K) c U and F ¢ F. 


4. GENERALIZED CONTINUOUS FUNCTIONS VIA GRILL 


We begin this section by quoting the following definition from [1]: 


Definition 4.1. A function f : X -> Y is said to be generalized continuous (g-continuous, for 


short) if the inverse image of every closed set in Y is g-closed in X. 
In an analogous manner, we now define s follows: 
Definition 4.2. A function f: X — Y is said to be generalized continuous with respect to some 


grill g on X (g-g-continuous, for short) if the inverse image of every closed set in Y is 
g-g-closed in X. | 


Observation 4.3. A function f : X — Y is gg continuous with respect to some grill g on 
X iff the inverse image of every open set in Y is g-g-open in X. 


Remark 4.4. 
(i) It is shown in [1] that every continuous function is g-continuous and but not conversely. 


(ii) It is now clear that every g-continuous function is G-g-continuous; but the converse is false. 
In fact, lt X = {a b, c}, t = {6, {c}, {b, c}, X} and g = {{a}, {b}, {a b}, {a c}, 
{b, c}, X}; Y= {x y}, o = {, {y}, Y}. 


We define a function f: (X 1, g) > (Y, 6) as follows: 
Ra) = Kb) = y Ae) = x. 
Then f is g-g-continuous but it is not g-continuous. In fact, F = {x} is closed in (Y, ©), 
FM) = {c} is gg-closed in (X, t, g) but it is not g-closed. 


Definition 4.5. A function f : (X, T, 9,) > (Y, ©, g) is said to be (tg,, tg,)-closed if the 
image of every tg,-closed set in X is og,-closed in Y. 


~ 
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From now on, whenever g,(resp. g,) is a grill on a space X (resp. on F) and AC X 
(resp. & F) is generalized closed or open with respect to g, (resp. 9,), we shall write, to simplify 
notation, that A is g-g-closed or g-g-open in X (resp. Y).and hope that the context will make 
things clear. 

Theorem 4.6. Let A (c X) be a ¢g-closed set in a grill topological space (X, T, g,). If f: 
(X, 1%, 9,) > (Y, ©, 9,) is continuous and (1tg,. 6g,)-clased, then A) is a g-g-closed set in 
(Y, 0, 9). 

Proof. Let AA) < U where U is open in Y. Then Ac f!(U) and t(U) is open in X. Since 
A is g-g-closed, ®(A) c F\(U) so that A U ®(A) œ F!(U). Thus tg,-cl(A) © f'\(U) and hence 


Kig,-cl(A) g U. Since f is (tg,, og,)-closed, Ktg,-cl(A)) is og,-closed and og,-cl(f{(A)) = 
Arg,-el(A) S U.Hence fA) is ¢g-closed in Y. 


However the image of a g-g-closed set need not be g-g-closed under continuous function 


as is shown below. 
Example 4.7. Let X = {a, b, c}, 7 Hi {a}, {b, c}, X} and g, = {fc}, {a, c}, {b, c}, X}; 
Y= {x, y, z}, 0 = {ġ, tx}, ty}, ix yh Th, G = ih Wh te yh x z} ty 2}, P. 
We define a function f: (X, t, g) > (F, 6, g,) as follows : 
Ka) = x, Rb) = Ke) = y. 
Then fis continuous. Now A = {a, c} is g-g-closed but its image AA) = {x, y} is not ¢g- 


closed. 


Definition 4.8. A function f: X — Y, where X, Y are two grill topological spaces, is said to 
be irresolute with respect to some grill g on X (g-g-irresolute, for short) if the inverse image 


of every g-g-open set in Y is Gg-open in X. 

Theorem 4.9. Let f: X — Y be open, ¢g-irresolute and surjective. Then 
(a) X is Fg-regular > Y is gGe-regular. 
(b) X is g-g-normal > Y is ¢g-g-normal. 


Proof. (a) Let F be g-g-closed in Y and y e F\F. Since f is g-g-irresolute, FÜ(F) is g-g- 
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closed in X. Also x ¢ f\(F) where x e f(y). Since X is g-g-regular, there exist disjoint open 
sets U and V in X such that x e U and f\(F) c V. Since fis open and surjective, AU) and 
KV) are disjoint open sets in Y such that y e AU) and F c AY). Hence Y is g-g-regular. 


(b) The proof is quite similar to that of (a) and hence is omitted. 
Theorem 4.10. Let f: (X, T, gı) > (Y, 6, 9,) be continuous and a (Tg,, 09,)-closed injective 
mapping. 

(a) If Y be g¢g-regular then X is g-g-regular. 

(b) If Y be gg-normal then X is g-g-normal. 


Proof. (a) Let F be ¢g-closed in X and x e X \ F. Since fis continuous and (tg,, 09,)- 
closed, by Theorem 4.6. AF) is g-g-closed in Y and also fix) ¢ AP). Again since Y is 
g-g-regular, there exist disjoint open sets U and V such that Ax) e U and AF) c F. Thus 
x e f'\(U) and F g f'(V). Since f is continuous, F!(U) and f!(Y) are open in X and hence 
X is g-g-regular. 


The proof of (b) is quite similar and left. 
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SOME IDENTITIES INVOLVING SUMS OF LUCAS 
NUMBERS 


PREDRAG S. STANIMIROVIC * 


ABSTRACT : Several combinatorial identities involving Lucas numbers. Fibonacci numbers and 
exponents of two are derived by the mathematical induction. The notion of the Lucas matrix £'s) of 


type s, which contains Lucas numbers along the main diagonal parallels, is introduced. Regular case 
s = Q is contained in the results obtained in [19]. In the present paper the case s = 1 is investigated. 


The inverse of the Lucas matrix cV is derived using previously defind identities. Factorization of the 
general Pascal matrix as well as a particular factorization of the block-Pascal matrix in terms of the 
matrix L% is given. Additional combinatorial identities referring to the generalized Fibonacci numbers, 
binomial coefficients and special functions are derived as implications of these matrix correlations. 
Key words : Matrix inverse; Fibonacci numbers; Lucas numbers; Fibonacci matrix: Pascal matrix; Lucas 
matrix; Toeplitz matrix. 

AMS Subj. Class. : 05A10, 05A19, 15A09, 11B39, 11B68. 


1. INTRODUCTION 


The Fibonacci numbers {F,}7_, are terms of the sequence satisfying initial conditions 
F, = 0, F, = 1, and the recurrence relation F, = Faq + Fep m 2 2. Close companions to 
the Fibonacci numbers, are the Lucas numbers {Z,}” , which follow the same recursive 


pattern, but begin with Z} = 2 and L, = 1. The Fibonacci and Lucas sequences has been discussed 
in many articles and books (sec. for example [9]). Fibonacci and Lucas numbers have long 
interested mathematicians for theoretical development and applications. For example, an 


application of these numbers in graph theory has been investigated in [21], while an interesting 
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application of Fibonacci numbers in codding theory has been studied in [17]. The ratio of two 
consecutive of these numbers converges to the Golden section œ = (1 + 5/2, which 
application appears in many research areas, particularly in Physics. Engineering, Architecture, 
Nature and Art. Naschie and Marek-Crnjac gave some examples of the Golden ratio in 
Theoretical Physics and Physics of High Energy Particles [13, 14, 15]. A few mathematical 
concepts of similarity and proportion are known to be critical in understanding the growth 
processes in the natural world [23]. For example, the Fibonacci series is well known to lie 
at the heart of plant growth and living organisms [10]. The Lucas relationship within the 20 


canonical amino acids has been shown in [23]. 


In the present paper we derive some additional combinatorial identities expressing sums 
which include Lucas numbers. Our results are derived using lower triangular Toeplitz matrices 
(Toeplitz matrices are constant along the diagonals) containing Lucas numbers. 

The outline of this paper is as follows. The explicit representation of the inverse of the 
matrix p? is derived in the second section using auxiliary combinatorial identity referring 
to Lucas numbers. A factorization of the generalized Pascal matrix in terms of the Lucas matrix 
£Y are considered in Section 3. Some combinatorial identities involving binomial coefficients, 


the Lucas numbers and special functions are derived as corollaries in the third section. In the 
fourth section we generalize principles used in the the papers [12, 19, 18, 26] as well as in 
the previous section to a more general class of Pascal-like matrices. For this purpose, we define 


generalized block-Pascal matrices of type s as a generalization of generalized Pascal matrices. 


Factorization of the block-Pascal matrix of type 2 with respect to the matrix co are derived 


in accordance with the block structure of the inverse of the matrix LQ. Additional 


combinatorial identities identities involving the Lucas numbers are derived by observing the 


particular case x = 1/2, a = 2, b = 1 we derived. 


2. DEFINITIONS AND MOTIVATION 


For the sake of completeness, we restate basic facts about the special functions needed in the 
present paper. The Euler gamma fun¢tion is denoted by I(7), 
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| (a), = da +1)... (a tn- 1) = Ge 


is well-known Pochhammer function, 


oo (a)k---(Ap)k ak 
s * rn ences 
pF ghar un An bis v by À) = = (D1) x ---(Og)x 'k! 


is a generalized hypergeometric function, and 


pfa lays me Op} ys us Bas 21 = Aaa bi D COTO) 
defines the regularized generalized hypergeometric function. 


Various types of lower triangular Toeplitz matrices which include various types of 
combinatorial numbers were investigated in [1, 2, 4, 6, 24, 25]. The generalized Pascal matrix 
of the first kind #,[x] = [p, Ax]], i 7 = 1, .., n is defined in [4]: 


(2.1) 


ee 
Be; (=) izj: 
P, jx} [0 i<j. 


In the case x = 1, the generalized Pascal matrix of the first kind reduces to frequently used 
Pascal matrix 2, = [p, J, $J = hun, which is defined in [3, 4]. 


The nxn Fibonacci matrix F, = [7, A (i j= 1, ..., m) is defined in [11], arranging the 


Fibonacci numbers on the main diagonal and below : 


Fi jay, i-j+120, 
hy = | 22) 


0, i-j+1<0 
The inverse and Cholesky factorization of the Fibonacci matrix are given in [11]. A first kind 
as well as the second kind factorization of the Pascal matrix in terms of the Fibonacci matrix 
are studied in [12]. Very helpful consequences of these matrix relations are various combi- 


natorial identities involving the binomial coefficients and the Fibonacci numbers. 


As an analogy of the Fibonacci matrix, the n x n Lucas matrix £,= [Z A Gyj=l,., zm) 
is defined in [27]: 


Z 
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(2.3) 


Leja, 1-J20, 
0, i-j<0. 


In the particular case a = 2, b = 1 the generalized Fibonacci matrix from [19] reduces 


to a generalization of the Lucas matrix.‘ 


Definition 2.1 The Lucas matrix of type s and of the order n, denoted by LS) = l 9], i, 


j=1,.., n, is given by 


() _ Ly j+, i-j+s20 
y= 


0, i-j+s<0 i j=, ... (2.4) 


The only two cases that generate regular matrices of this type are s = 0 and s = 1 (for the 


proof see [19]). In this paper we consider the regular matrix £4, corresponding to the choice 


s= ] in (2.4). The case s = 0 is investigated in [27]. In all other cases the matrix N is singular. 


These cases are not considered in [27]. 


In the study [22], some new properties of Lucas numbers with binomial coefficients were 
obtained to write Lucas sequences in a new direct way. Sums of squares of odd and even terms 
of the Lucas sequence and alternating sums of their products were investigated in [5]. In the 
paper [7], some known fibonacci and Lucas sums were derived by using proofs based on the 
usage of two appropriate matrices. A few representations of Lucas numbers in terms of the 
generalized hypergeometric fimehione were derived in [16]. Several combinatorial identities 
involving binomial coefficients, powers of two and the Lucas numbers are known. For example, 
we restate identities from [8]: | 


> pa = Izm > (z) Ly = Ing. 

k=0 
In the present paper we derive interesting representations for sums of the form Dare, and 
2k-2*11,. Further, we derive various more general combinatorial identities involving Lucas 
numbers, binomial co-effcients and some special functions. These identities are derived 
continuing the general principles from [12, 20, 18, 26, 27] and using explicit representation 


of the inverse of the matrix £) and the first kind factorization of the Pascal matrix. 


SOME IDENTITIES INVOLVING SUMS OF LUCAS NUMBERS 107 


3. SOME IDENTITIES OF SUMS INVOLVING LUCAS NUMBERS 
The following combinatorial identity gives the exact value of the sum Zn) = X} gan 


Lemma 3.1 The following recurrence relation is valid for arbitrary integer n 2 Q. 


La? SE n 
2m) = 22° Ti = 2 lpg — Lu) G.1) 


SA 34 (3.2) 
Proof. The identity (3.1) can be verified by the principle of the mathematical induction. The 


inductive step follows from 


D Ik =L, + Oi =e) 
oan antl 
= > CLs + 4) = AS Alu ~ Ly+2): 
Finally, using 
2L = Ly = Le ~ Ly = SF yy 


the identity (3.2) is verified. 


Corollary 3.1. For arbitrary integer n 2 0, the next identities hold: 


(n) La- (13 5) (4) +(5+)(6-25)"” | (3.3) 
le" 0") 3.4) 


Proof. The proof can be completed applying the analog of Binet’s Fibonacci number formula 


II 
> 
> 


for Lucas numbers: 


k k 
je 58) (438) ‚k20. (3.5) 


to (3.1) we get. 
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Corollary 3.2 The following representation of Lucas numbers is valid for arbitrary integer 
n 2 0: 


_ k=0 (3.6) 


Proof. The proof can be derived applying the next representation of the Lucas numbers from 
[16] 


to (3.2). 
Proposition 3.1 (a) The sum 2X{n) ends with mod(2(n + 1), 10). 
(b) The sum Y(n) ends with mod(6n — 4, 10). 


Proof. (a) Since each term 2*L, ends with 2, for each integer k (see [8]), the expression 2%(n) 
contains n + 1 terms obeying this property. 


In the following lemma we introduce an additional combinatorial identity involving the Lucas 


numbers. 


Lemma 3.2. Consider integers i, j and s, p which satisfy p 2 3, s < pS it 1. The partial 
convolution defined by 


EA j-k Bank 
Its, p i j) = 22 L-k+1 = 2 we? Lik (3.7) 
=s =f 


satisfies the following equality : 


| e-s+)--n) psi 
I 3 > + = c 3.8 
eee AAH p=itl i 
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Proof. The first case of the proof follows from 


i-st+i] , 
girl Falk bee Dr, 


N 


AR EN 
> 2/ ven 
k=s 


and (3.1). Since 
Lsi+Li)=1@iiD+1=Bi-s+D-W-D+rl=Ni-s+t)), 
the second case is also verified. 
Now, we find explicit representation of the sum 
Skat. 
k=0 


Theorem 3.1 The following indentity is valid for arbitrary integer n 2 |: 


5 (n) = Deak = 2 sa +(n+1)Z,) (3.9) 
= SKA CAO a TA ) 2- 2n). (3.10) 


Proof. The identity (3.9) is verified by the mathematical induction. The base of the induction 


is easy for the verification and the inductive step follows from 


= n 2 —1 + 1 
2%, (7) PONE ae 1+2 (n iy 2+(n+1)L,) 


_ 1+2"(n- Dar +6n+S)L,,]+(n+D Ly) 
5 


” 


_ l+ 2" (2nL +3 - (n+ DI. + Gnt5) Lay + (n+ DL) 
5 
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_ 1+ 2" (2nln+3 +(2n+ 4) Dnt) 


> 


Identity (3.10) is a consequence of (3.9). 


4. IDENTITIES BASED ON THE USAGE OF GENERALIZED PASCAL MATRIX 


In this section we investigate correlations between the matrix LO and the generalized Pascal 


matrices. Several new combinatorial identities are derived as implications. 


-I 
Theorem 4.1. The inverse (ey) = [7 ]@J=1, ~ n) of the Lucas matrix £\) is defined 


by 
3, i>2, jsn-2, i= J+; 
5.244 i>2, j<n-2, i<j; 
(iy. i<2, jsn-2, (i,j)#(2,D; 
DPF. 25, i>2, j>n-2, (i,j) +(n, n-)); 
Me DPF, i<2, j>n-2; (4.1) 
0, i>j+2,; 
l, otherwise. 


Proof. To simplify notation, let us denote c, , = Iı-ılalr,; - First, we want to prove C4 
= 1,1= 1, 2, ..., n. Three different possibilities are feasible. 
(C,) : It is easy to prove that cı = 1. In the case 7 = 2 immediately follows 
Coy = -2L, + L, + 3Ly = 1. 
(C,) : In the cae 2 <i < n — 2, the value c, , is equal to 


n i 
c = Dhiki =} lii at rien 


i 
= -X-I +22 + YS gg +3ly 
k=3 
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The result of Lemma 3.2 implies 
i . 
ZSZ hks = 51,(3, i, i i) = SŒ{G - 2) - 1) 
and later, taking into account (3.1), one can verify 
Cy = — 326-2) + SCAG - 2) — 1) + 34 = 1. 


(C,) : Finally, in the case i = n (proof for i = n — 1 is very similar), it follows that 


n n 
Cam 2m ek n= nin ln 2,0 + 2 bn kl'k.n 


an gnm2 n —k 
ar: ae a In-k+1. 





Applying the results of Lemma 3.1 and Lemma 3.2, this part of the proof can be simply 
completed. 


Now, we want to prove that c, , = 0, for i # j. Similarly as in the first part of the proof, 


several different cases can be distinguished. 
(D,) : It is casy to see that c, | = 0 in the case i > 1. 


(D,) : In the case 1 < j <n — 1, i > j the following holds: 


O 
N 


n J 
Sakk =} Pij +t haly thehr j th ja tja th jal jaj 


N 


J = 
-2IL + 22L + 5È L-k? PHS Dy pt hajar 
k=3 


Applying the result of Lemma 3.2 on the sum 

j a Jk ee 

22 G-k = 1,8, i, i J); 
k=3 

one can verify 


eo, Xi — 2) + 520i - 2) - EG - A) + 3L,, + Ly 
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i-] 
= SS (2L, 449 j Lia) ii 2L,, tL +1 0. 


RY] 


(D3) : In the case 1 < j < n — 1, i < j, values c, , are defined as 


i+l jal i? i+] jek 
c = rar 2 hkk j =-2 4+2 Herta 2 ksi 


J 


An application of the second case of (3.8) in conjunction with the results of Lemma 
3.2, further implies : 


c, = ~S:2M(L(i - 2) - Li - 2)) = 0. 


(D,) : Finally, in the case 7 = n (proof for j =n-— 1 can be accomplished similarly), values 


C, , are equal to 


itl l/an-1 n-2 an 
C, a= Ein + 4,220 + 2 kan = s(2 l-2 Li) ac L-k+1. 
Using the result from Lemma 3.2 together with the second case of (3.8) we have 


i+] 
5% 2" fL k+ = 1,3, i+ 1, i, n) = 2™X(i — 2), 


which implies c, , = 0. 


n 


-l 
Hence, we prove L® (cP) =I, where J, is the n x n identity matrix. In a similar way 
ty (£0) LO = i 
one can verify ex Ly,’ = 1, and the proof is completed. 


-1 
According to Lemma 4.1, it is observable that (Li?) possesses the following block 


matrix form : 


(co) =- (£9) zao 


(<P are 





(£0) ka-212 | a 
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where the notations 4] (resp. |k) in the first indices denote the first (resp. last) k rows 
and X] (resp. |k) in the second indices denote the first (resp. last) k columns. 


Example 4.1 The 6 x 6 inverse Lucas matrix of type 1 is equal to 





It is interesting to point out that the blocks of the Lucas inverse matrix of type 1 are almost 


| 
constant along diagonals, which means that the matrix (£ w] is close to block Toeplitz matrix. 


sl 
Although (4.1) looks robust, it is not difficult to see that three blocks of the matrix (P) 


are symmetric in relation to anti-diagonal and are almost Toeplitz (differs only in signs). 


—] 
Remark 4.1 To store the matrix (£ y we only need to register in the memory: first row, 


element in position (2, n — 1) and first row of the (n — 2) x (n — 2) toeplitz matrix which 
is in the left-lower block. This means that we have to store only the vector with (2n — 1) elements, 


which is the same size for storing arbitrary Toeplitz matrix. 


A factorization of the Pascal matrix given in terms of the Lucas matrix of type I is 


presented in the following lemma. 


Lemma 4.1 For arbitrary integer n > 4, the generalized Pascal matrix and the Lucas matrix 
of type 1 satisfy 


2 [12] = 4% 1/200, 


where the matrix 
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I l 
HP 21= [109 (2) 
is defined by 


2j-is.2i-l 47-24 61) + afl) A jit bjt) I<j<n-2 


A? (2) Ay gr? = 1), j>n-2()+(mn TDA) 
gn-2 Stn, (i j) = 0n — 1); 
al~i +. 2i — 2), j=L 


E 
Proof. It suffices to verify the matrix equality H 1/2] = 2 U/ 21 £4") . Let us denote 


by c, = Ir-1Pıkl'x; and observe analogous cases as in (4.3). 


n J 
2 Pikľ'kj = PrP ij+Pr2l2,7 + 2 Pik kj t Pija jaj + Pijal j42,j 


Aa + 5% (fa) +3(F N21 4 (Fh ii? 


_ 2/7 12452 (+) 


After the application of 


Lit) _ gi, TOA -i++ Url, -1 
2 ea) = 2: rG-7 


= 21 -7-(5") A0, j-i+1,j+1L—D, 


the first case can be verified. 


For j > n — 2, (i jJ) # (n, n — 1), we have 


n i 
c, = > pial kj = Pwj + Pala, jt ÈP, klk, j 
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(I 2/71 i-2 (_y)?- #19 /-2 a Hd a ae 
= (4) ye +(-1)(4) C Homs 29 qu-k 


i 5 k=3 


jiyi L_ict_ gli 
= 2 ( 1) £ 5 s (El 
The approval follows straight having in mind the identity 


OE 


In the case (i jJ) = (nm, n — 1), we have 





n n—l 
Cnn 7 È Prk? k,n-1 = PnP nF Pu al2,n-1t 2 Prk” k.n-1+! 
1 an 2 _ r 7s niri 4) n-k-I 
u 43) al) PA) T 


After applying 


it is possible to obtain 





It is obvious that for / = 1 the following is valid 


‘= 73-i (442 ('7)+('5')), 
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which immediately produces the last case in (4.3). We get that c, ‚= Aras 2) fori, j= 1, 
.., n and the proof is completed. 
The next identity follows from Lemma 4.1. 


Theorem 4.2 The following recurrence relation is valid for arbitrary integers n 22,1 Si 


<n-|: 


2i(i-2)+ Pi (5 21 -4-2+6(7)+ 4-55) AL j-i4b f+ -))L, 


near. E 
+ Hz 3 (Eyo 44) 
j=n-l k=3 
Proof. The following notation is useful: 
= = fl) 
Py = P l2} h, = hy;(l/2). 


The next identity could be derived from Lemma 4.1, taking into account (4.3) : 
1 i-] n n~-2 n 
(+) = P17 ih, ehrt LA ppt È halja 
2 j=l j=2 j=n-! 
= DEF 2i(i — 2)) + 


=) 
227752 41-24 6(571)+4(F1)-9(7") 2A(LJ-i+h j+b-1))L, 


n ite ; . nl 
Jo j| 2-7 | i—1 
ar (=) g: (D) K 
In the case 1 < i < n — 1, (4.4) immediately follows. 
Remark 4.2 (i) In the case i = 1, the identity (4.4) reduces to (3.1). 


(ii) In the case i = 2, the identity (4.4) becomes the trivial identity 0 = 0. 
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5. CONCLUSION 

Several combinatorial identities involving Lucas numbers, Fibonacci numbers and exponents of 
two are derived by the mathematical induction. The starting point of our investigation is the 
notion of the Lucas matrix L6) of type s, which is constant along the diagonals and filled with 
the generalized Fibonacci numbers. This matrix introduced in [19]. The regular case s = 0 
includes the results obtained in [19]. In the present paper, the case s = 1 is investigated. The 
inverse of the Lucas matrix LD is generated using identities previously derived by the 


induction. 


The principles used in the papers [12, 19, 18, 26] are applied in sections 3 and 4, following 
the specifies of these particular kinds of Toeplitz matrices. Using the identity for the sum 
involving generalized Fibonacci numbers, derived in Lemma 3.2, the explicit representation for 
the inverse matrix of L0 is given in Lemma 4.1. A first kind factorization of the generalized 
Pascal matrix in terms of the Lucas matrix L0 is derived in Theorem 4.1. Based upon these 
matrix correlations, several interesting additional combinatorial identities involving the Lucas 
numbers and the binomial coefficients are derived, observing the special case x = 1/2, a = 
2, 6 =]. 


Remaining singular cases of these matrices (s # 0, 1), could be the interest of our future 


research. 
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